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SUMMARY .
The o b je c t  o f  t h i s  t h e s i s  i s  to  p re s e n t  f i r s t l y  a  new 
d e s ig n  te c h n iq u e  f o r  co m b in a tio n a l lo g ic  c i r c u i t s , a n d  seco n d ly  a  new 
s t a t e  a ss ig n m en t m ethod f o r  th e  d e s ig n  o f  s e q u e n t ia l  m ach ines.
The c o m b in a tio n a l d e s ig n  te c h n iq u e  t o  be p re s e n te d  has been
M II
b a se d  upon two co n cep ts .O n e  o f  them  i s  m in te rm -in te rch a n g e  by w hich 
i t  i s  p o s s ib le  to  decompose a  B oblean fu n c tio n  in to  th e  e x c lu s ive-OR 
o f  two lo w er c o s t  B oolean  fu n c tio n s  .The second concep t co n cern s
II II
s im p le s t - th r e s h o ld  fu n c tio n s  w hich a re  l o g i c a l l y  s im p le .T h e  c o s t  o f
r e a l i s a t i o n  o f  such  fu n c tio n s  sh o u ld  a ls o  be minîmAT i n  com parison
w ith  a  w id e r c l a s s  o f  fu n c tio n s  .The te c h n iq u e s  b a sed  upon th e s e
co n cep ts  a re  im plem ented in s p e c t r u m  dom ain,w hich i s  b r i e f l y  su rveyed
in  C h ap ter 1 .C h a p te r  2 d e t a i l s  th e  m athem atics o f  th e  m in t e rm -in t e r  change
o p e ra t io n  i n  th e  spec trum  dom ain .C hap ter 3 i s  concerned  w ith  th e  d e s ig n
a lg o r ith m  and a ls o  w ith  th e  c o n d itio n s  o f  a p p l i c a b i l i t y  o f  t h i s  te c h n iq u e
t o  th e  B oolean  f u n c t io n  r e a l i s a t i o n  .A lso  in  C h ap ter 3 , th e  com bination
o f  th e  a lr e a d y  known s p e c t r a l  t r a n s l a t i o n  te c h n iq u e  and th e  new
m in te im -in te rc h a n g e  te c h n iq u e  h as  been  c o n s id e re d .
F in a l ly  i n  C hap ter k  two b a s ic  co n cep ts  u sed  in  co m b in a tio n a l
lo g ic  d e s ig n  a re  a p p l ie d  in  th e  p ro p o sed  new s t a t e  assignm ent te c h n iq u e
f o r  s e q u e n t ia l  m achine d e s ig n  .T h is  new s t a t e  assignm en t i s  im plem ented 
a
by  means o f jb in a r y  t r e e .
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Number o f  in d ep en d en t in p u t v a r i a b l e s .
n—1




Argument x  =
s= i
n -s
M interm i d e n t i f i c a t i o n  number same as x .
Walsh f u n c t io n .
Hademacher fu n c tio n  , 1 s ^  n  .
Index  w e ig h t i . e .  number o f  * l*s in  th e  b in a ry  
ex p an s io n  o f  u .
Mod 2 o p e ra t io n  E x c lu s ive-OR o p e ra t io n  f o r  b in a iy  c a s e .
f ( x - , x ^ , . . . x  )= f(x )  K. 0 ,1 ^  B oolean fu n c t io n  v e c to r  o f  2^ e n t r i e s  •\t j. ^  n A*
in  decim al o rd e r  (c o rre sp o n d s  to  t r u t h  t a b le  o f  th e  
B oolean  f u n c t io n .
F(x)*1» < + 1 ',-I/^  B oolean fu n c tio n  v e c to r  in  decim al o rd e r .
U nit m a tr ix .
1 =  •\j
R-W
H
U nit column m a tr ix .
Rademacher-W alsh o rd e re d  tra n s fo rm  m a tr ix .
Hadamard o rd e re d  tra n s fo rm  m a tr ix .
w ith  no subscrip tjR adem acher-W alsh  u n le s s  o th e rw ise  
d e fin e d *
S(x) = sOf Spectrum  o f  a  B oolean f u n c t io n ,
S p e c tr a l  c o e f f e c ie n ts  in  th e  sp ec tru m  S*
(  ]  
[ )





i=  G , l , . , n , 1 2 ; 1 3 , . . l n , , , , l  n •
W eights o f  th e  in p u ts  o f  th r e s h o ld  g a te s .
L e f t  end open i n t e r v a l .
R ig h t end open i n t e r v a l .
E lem ent by e lem en t p ro d u c t o f  th e  two v e c to r s  
A and B.
L ogic AND 
L ogic OR
These n o ta t io n s  a re  u sed  o n ly  in  
C hap ter 2 , to  d i s t in g u is h  them  from
Vm ath em atica l ( . )  and (+ ) .R e s t  o f
th e  c h a p te r s , ( . )  and (+) n o ta t io n s  
a re  u sed  f o r  lo g ic  AND and OR,as
u s u a l .
In te rc h a n g e d  fu n c t io n .
T ru e - fu n c t i o n .
F a is e - f u n c t io n .
Changer f u n c t io n .
see  d e ta i l e d  d e f i n i t i o n  
in  C h ap ter 2 .2 .
Throughout th e  t h e s i s  o n ly  th e  t r u e  lo g ic  ”l ” m interm e a re  shown 




AND g a te .
OR g a te .
E xclus ive-OR g a te .
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CHAPTER 1 INTRODUCTION TO SPECTRAL TRANSFORMATION AND 
ITS APPLICATIONS
1 2  3 4In  t h i s  t h e s i s  we w i l l  r e f e r  o f te n  to  th e  s p e c t r a l  dom ain' ’ ’ 
e s p e c ia l l y  i n  C h ap ters  two and th r e e ,T h is  c h a p te r  i s  th e r e f o r e  devo ted  
to  th e  in t r o d u c t io n  o f  s p e c t r a l  t r a n s fo rm a tio n s  w ith  i t s  p a r t i c u l a r  
a p p l ic a t io n  to  c o m b in a tio n a l c i r c u i t  d e s ig n  and th e  s p e c ia l  c la s s  o f  
th r e s h o ld  fu n c t io n s  c a l l e d  embedded ” .
In  1922 Rademacher p u b lis h e d  a  s e t  o f  o r th o g o n a l fu n c t io n s  
ta k in g  th e  v a lu e  +1 in  th e  i n t e r v a l  (0 ,1 )  .T h is  s e t  o f  o r th o g o n a l fu n c tio n s  
however was in c o m p le te , th a t  i s  a  f i n i t e  s e t  o f  such fu n c tio n s  does n o t 
form  a  subgroup.W orking in d e p e n d e n t ly ,in  1923 , W alsh p u b lis h e d  a  
s e t  o f  o r th o g o n a l fu n c tio n s  w h ic h ,in  a d d i t io n  to  fo rm ing  a  com plete s e t ,  
have Radem acher fu n c t io n s  a s  a  g e n e ra t in g  s e t  .T h a t i s  t o  s a y ,a n y  com plete
s e t  o f  W alsh f u n c t io n s  may be g e n e ra te d  from  a  s u i t a b le  s e t  o f  Rademacher
T 8f u n c t io n s ' ’ a s  w i l l  be shown in  s e c t io n  1 .1  .B ecause th e  W alsh fu n c tio n s  
have p r o p e r t i e s  analogous to  t r ig o n e m e tr ic  fu n c t io n s ,c o n s id e ra b le  r e g ^ r c h  
has gone in to  em ploying "Walsh waves " f o r  th e  t r a n s m is s io n  o f  sam pled- 
d a ta  d i g i t a l  in fo rm a tio n  .O th e r a re a s  o f  a p p l ic a t io n s  have been  in  th e  
f i e l d  o f  s ig n a l  f i l t e r i n g  and p a t t e r n  re c o g n it io n .B o th  o f  t h i s  a re a s  
a re  e n t i r e l y  o u ts id e  o u r p a r t i c u l a r  i n t e r e s t  i n  t h i s  th e s i s ,a n d  w i l l  . 
n o t a g a in  be m en tio n ed .
In  th e  f i e l d  o f  lo g ic  d e s ig n  th e  W alsh fu n c tio n s  ap p ea r to
Q
have b een  em ployed r e l a t i v e l y  l i t t l e .C h o w  showed however t h a t  c e r t a in
n u m e ric a l p a ra m e te rs  were s u f f e c ie n t  to., c h a r a c te r i s e  a l l  l i n e a r l y -  
s e p e ra b le  f u n c t io n s , t h a t  i s  th r e s h o ld  fu c tio n s .T h e s e  th r e s h o ld  fu n c tio n s  
and t h e i r  a p p l ic a t io n s  . w ere f u r t h e r  develo p ed  by Lewis and C oates , 
Sheng ^  and  Mur ago D ert ouzos ^  showed t h a t  th e  Chow p a ram e te rs
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w ere i n f a c t  a  su b se t o f  th e  Walsh tra n s fo rm  c o e f fe c ie n ts .D e r to u z o s  
a l s o  d ev e lo p ed  o p e ra to r s  f o r  th e  m a n ip u la tio n  o f  th e s e  c o e f f e c ie n ts  
t o  f a c i l i t a t e  th r e s h o ld  lo g ic  s y n t h e s i s . I t o  c o n s id e re d  th e  
a p p l ic a t io n  o f  Vialsh fu n c tio n s  to  th e  r e c o g n i t io n  o f  b in a ry  v a lu e d  
fu n c t io n s  on s t a t i s t i c a l  b a s i s .  H u rst has c o n s id e re d  th e  g e n e ra l  
p o s s i b i t i e s  o f  th e  a p p l ic a t io n  o f  W alsh fu n c tio n s  to  th e  s y n th e s is  
o f  b in a ry  fu n c t io n s  b o th  in  te rm s o f  th r e s h o ld  and c o n v e n tio n a l lo g ic  
c i r c u i t r y  .F i n a l l y  Edwards a p p lie d  s p e c t r a l  te c h n iq u e s  to  
c o m b in a tio n a l c i r c u i t  d e s ig n .
1 . ]  O rth o g o n a l T ran s fo rm a tio n s
1 .1 /1  O rth o g o n a l T ran s fo rm a tio n  as  a  F i n i t e  S e r ie s  and 
T h e ir  P r o p e r t ie s  
The W alsh fu n c tio n s  a re  s te p  fu n c tio n s  on th e  i n t e r v a l [ o  ,2 ^ )
W /(z) = ( -1 )  . . . 1 . 1
where and x  a r e  d e te im in ed  b y  th e  b in a ry  ex pansions o f  u and  x
w
w here w i s  c a l l e d  th e  in d e x ,a n d  th e  number o f  * 1 ' s in  th e  b in a ry
n
expan t io n  o f  w ( i .e .j jm jl  ) v i l l  be  c a l l e d  th e  w eigh t o f  th e
in d e x . x  i s  c a l l e d  th e  argum ent o r  th e  m interm  i d e n t i f i c a t i o n  
num ber( som etim es shown as m ^).
The W alsh fu n c tio n s  d e f in e d  by  e q u a t i o n ( l . l , 2 ,3 )  a re  d i s c r e t e  
fu n c t io n s  d e f in e d  a t  th e  p o in ts  0 , 1 , . . . , 2 ^ - 1  o f  th e  i n t e r v a l f o ,2 ^  )and 
a re  i l l u s t r a t e d  in  f ig u r e  1 .1  f o r  n=3.
13
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F ig u re  1 .1  The Walsh F u n c tio n s  f o r  n=3 v a r i a b le s .
I k
C o n sid er th e  su b se t o f  Walsh fu n c tio n s  v i t h  th e  in d ice s ' o f  
2^ ( i = 0 , l , . . . , n - l )
x _ (z )
Rg(x)= = (-1 ) l ^ s ^  n • • • l .U
These fu n c t io n s  H (z) a re  kno"wn as  th e  Rademacher fu n c tio n s  froms
'Which th e  r e s t  o f  Walsh fu n c tio n s  can be de te rm in ed  as fo U o v s :
n
s -1 . . . 1 . 5
s = l
That i s  Rademacher fu n c tio n s  form  one b a s i s  f o r  g e n e ra tin g  t h e  Walsh 
fu n c tio n s  •
Some o f  th e  p ro p e r t ie s ,  o f  W alsh fu n c tio n s  a r e  s t a t e d  below  
w ith o u t fo rm al p ro o f  ( f o r  p ro o fs  see  r e fe re n c e  1 .3  )
Theorem 1 .1  The Walsh fu n c tio n s  form  a com plete o rth o g o n a l 
sy stem . That i s
2^-1
W. (x ) W (x) =% (I)
Theorem 1 .2  F or any u , 0 ^  ^  2 - 1
2“  i f  t=w




^ 2 ^  i f  w =0
i f  (Ü AO
. . . l . T
v i z . th e  sum o f  th e  e n t r i e s  o f  th e s e  fu n c tio n s  eq u a ls  *0 * ex cep t th e  
f u n c t io n  -with index*oî =0.
Theorem 1 .3  The Walsh fu n c tio n s  a re  sym m etric f o r  index  
and argum ent
W^  (x) = W^(w ) . . . 1.8
v i z .  in te rc h a n g in g  index  and argument g iv e s  th e  same v a lu e .
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Theorem 1 . k  For any w , x , ,2 ^  1 }
W ( x © T  ) = W (x) W ( X ) Mod 2 .  . . . 1 . 9
(Ü (Ü (I)
v iz .  th e  m u l t ip l i c a t io n  o f  any t"wo e n t r i e s  o f  a  Walsh fu n c tio n  g iv es  
a n o th e r e n try  in  th e  same fu n c t io n .  For example x=5, x =3, n=4, w =6
Wg( 5 © 3) »  tfg(5) Wg(3) 
Wg(6) »  Wg(5) Wg(3)
Theorem 1.5* The group o f  W alsh fu n c tio n s  . i s  is c m o rf ic  to  th e  
group o f  l i n e a r  Boolean fu n c tio n s  (se e  r e fe re n c e  3 ) .
F o r example th e  W alsh fu n c tio n  W ^(x), n=3 
3J^ (x) = [ l  -1 1 -1 -1 1 -1 l]  ^
co rresp o n d s to  th e  linesu r Boolean fu n c tio n  
x ^ (x ) ©XgCx) = [^0 1 0 1 1 0  1 o j
T r a n s la t io n  between th e  Walsh fu n c tio n s  and r e l a t e d  l i n e a r  B oolean 
fu n c tio n s  can be ach iev ed  sim ply  by s u b s t i t u t in g  ^1* in  th e  Walsh 
fu n c t io n  f o r  *0* i n  th e  B oolean fu n c t io n  and s i m i l i a r ly  * -1* f o r  
*1 * .M ath em atica lly
W (x) * -2  f ( x )  + 1  . . . 1 .1 1
1 ,1 ,2  O rthogonal T ran sfo rm atio n  in  M atrix  Form and i t s  
P r o u e r t ie s
I f  th e  above d e fin e d  Walsh fu n c tio n s  a re  chosen  as th e  rows 
o f  a  m a tr ix ,  we o b ta in  a  • ( 2^x 2^ ) o rd e r  o rth o g o n a l m a trix .A  p a r t i c u l a r  
row o rd e r in g  o f  th e  Walsh fu n c tio n s  d e f in e s  a  p a r t i c u l a r  v a r ia n t  o f  
such m a tr ic e s  ( f o r - f u r t h e r  d e t a i l s  see  r e fe re n c e  l6).W e s h a l l  c o n s id e r  
o n ly  th e  two row o rd e r in g s  (a ) and (b) fo llo w in g ,
* L in e a r  Boolean fu n c tio n :  A B oolean fu n c tio n  f ( x )  i s  s a id  to  be 
l i n e a r  i f  i t  may be ex p re ssed  as
^ (x )  = Zg ® Zjj . .1 .1 0
t\j
where c ^ , x^ €  0 ,1
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a) The Radem acher-W alsh o rd e re d  tra n s fo rm  m a tr ix  T^_^:
T h is  m a tr ix  can  he  d e te rm in ed  hy o rd e r in g  th e  W alsh fu n c tio n s  
from  th e  low  in d ex  w e ig h t to w ard s  th e  h ig h  in d ex  w e ig h t .In  F ig u re  1 .2  
th e  Radem acher-W alsh o rd e re d  tra n s fo rm  m a tr ic e s  a re  shown f o r  n = 2 ,3 .
Wo(x) 1 1 1 1
^(x) 1 1 —1 —1
^(x) 1 -1 1 -1
W^Cx) JL -1 -1 1-
C orrespond , 
l i n e a r  
B oolean fu n .
.. X1 2
W eights o f  
in d ic e s




W^(x) 1 1 1 1 1 1 1 1 [ | |W||= -0
% (% ) 1 1 1 1 *
WgCl) 1 1 - 1 -1 1 1 - 1 - 1 . .X2 l |u ll= l '
Wg(x) 1 • 1 1 -1 1 - 1  1 - 1 ..X 3
w^  (x ) 1 1 -1 -1 - 1 - 1 1 1 ..x ^ e x g
W^(x) 1 -1 1 -1 - 1 1 - 1 1 |1“ J=2
^ ( x ) 1 -1 - 1 1 1 - 1 - 1  1 . .X2®X3 I
W^(x) 1 -1 -1 1 - 1 1 1 - 1 i II “ 11=3
F ig u re  1 .2  Radem acher-W alsh tra n s fo rm  m a tr ic e s  f o r  n=2 and n= 3 .
some o f  th e  p r o p e r t i e s  o f  th e  Rademacher-W alsh o rd e r ed 
t r a n s fo rm  m a tr ix  a r e :
i)T h e  s c a l a r  p ro d u c t o f  any two rows o f  t h i s  m a tr ix  i s  eq u a l
to  *0*.
i i ) T h e  sum o f  th e  e lem en ts  o f  any ro w (o r co lum n), ex cep t f i r s t ,
i s  e q u a l t o  *0’ .
i i i ) I t  i s  o r th o g o n a l ; i . e  T ^ T^.
2^
iv )T h e  e lem en t-h y -e lem e n t p ro d u c t o f  any two rows f o r  w hich 
)1 Ü) II =1 g iv e s  a n o th e r  row in  )i w II =2 and any th r e e  rows f o r  which
IT
Il (i)|| =1 g iv e s  a n o th e r  row in  || o) || =3 and so o n .
b )S e c o n d ly , th e  Hadamard o rd e re d  tra n s fo rm  m a tr ix  T_:
I t  i s  d e te rm in ed  by o rd e r in g  th e  W alsh fu n c t io n s  in  decim al 
o rd e r .T h e  n  t h  o rd e re d  Hadamard m a tr ix  can be o b ta in e d  from  t h e ( n - l )  th  
o rd e re d  Hadamard m a tr ix  by th e  fo rm u la  below ( a ls o  c a l l e d  a  K ronecker 
5 e x p a n s io n ) .
n x n
( n - l ) x ( n - l )
( n - l ) x ( n - l )
(n—l )  X ( n - l )
-  T (n—l )  X ( n - i )
. .1.12
Hadamard o rd e re d  t r a n s fo rm  m a tr ic e s  f o r  n=2,3»^ a re  







^ H = r
Wq Cx ) 1 1  1 1 1
Wj^(x) 1 - 1  1 1 -1 ..X 2
Wg(x) 1 1 | - 1  -1 . .x ^
W3(x) 1 - 1  1-1  1 . .x^exg
Wo(x) 1 1 - 1 - 1  ! 1 1
1 - 1  1 “1 1 1 -1
Wg(x] 1 1 - 1 - 1  [ 1 1
WjCx) 1 - 1 - 1  1 1 1 - 1
Wi^(z) 1 1 1  1 ; —1 —1
W j(x) 1 - 1  1 -1  « -1  1
Wg(x) 1 1 - 1 - 1 1 - 1  - 1










..x ^ e x ^





F ig u re  1 .3  Hadamard o rd e re d  tra n s fo rm  m a tr ic e s  f o r  n = 2 ,3 ,^ .
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Some o f  th e  p r o p e r t ie s  o f  Hadamard o rd e re d  tra n s fo rm  m a trix
Tg a r e ;
i )  The s c a la r  p ro d u c t o f  any two rows (o r  columns) i s  equal
to  *0 ' .
i i )  The sum o f  e lem en ts o f  any row (o r  co lum n), ex cep t th e  
f i r s t , i s  e q u a l t o  *0*.
i i i )  T t  i s  o r th o g o n a l i . e .  T ^  .
iv )  I t  i s  sym m etric.
v ) The e lem en t-hy -e lem en t p ro d u c t o f  any rows ( o r  
columns) g iv e s  a n o th e r  row (column) in  th e  m a tr ix .
F o r d e t a i l s  o f  o th e r  o rth o g o n a l m a tr ic e s  such  as H aar see  
r e fe re n c e s  3 , ^ , l 6 ,17  »18,1 9 .
1 .2  The Spectrum  o f  a  B oolean F u n c tio n
1 .2 .1  E v a lu a tin g  th e  Spectrum  o f  a  Boolean F u n c tio n
I n  t h i s  t h e s i s  we s h a l l  u se  th e  Bademacher-W alsh o rd e red
tra n s fo rm  m a tr ix  .H en ce fo rth  T_ w i l l  he  den o ted  hy  T .L e t u s  now useB-w
th is  m atrix  t o  transform  the  b in ary  Booleéhr function  to  the  spectrum 
domain.Suppose we have th e  th re e  v a ria b le  Boolean fu n c tio n  
f(x)=f(x^,X g,x^) = Xg + x^ x^ .
I t s  t r u t h  t a b l e  i s  shown in  F ig u re  l .U  to g e th e r  w ith  co n v ers io n  o f  th e  
o u tp u t from  th e  f(x }<  0 ,1  > v a lu e s  to  th e  F (x) < 1 , -1 >  v a lu e s .T h is  i s  
th e  same n u m erica l co n v ersio n  as p re v io u s ly  n o te d  in  theorem  1 .5  w ith  th e  
eq u a tio n  1 .1 1 .
Minterme x  x_ x  x .  f ( x )  F(x)
m 0 0 0^ • 0^ 1 -1
m? 1 0  0 1 1
m^ 2 0 1 0  1
m^ 3 0 1 1  0
mjf 1 0 0 1
m: 5 1 0  1 1
m l 6 1 1 0  0
m^ T i l l  0
F ig u re  l .U  Example fu n c tio n  f(x)=x_+x_ xL and i t s  co n v ersio n  from: 0 ,1> 








The spectrum  o f  f ( x ) , S i s  d e r iv e d  as  fo llo w s
T ;ç(x) = ^
1 1 1 1 1  
1 1 - 1 - 1  -1 
- 1 - 1 1  1 
1 - 1  1 - 1
.1 .1 3















’-1  ' -2  ' ^0
-1 -2
-1 —6 -^ 2
1 -2 "3
-1 2 \ 2
-1 -2 Sl3
1 2 %  -
1
:
2 ^ 2 3
The sp ec tru m  o f  th e  g iv e n  fu n c t io n  f ( x )  h as th e  s p e c t r a l  c o e f f e c ie n t s :  
-2  -2  -6  -2  2 -2  2 2 
( w r i t t e n  in  d escen d in g  o rd e r  o f  th e  v e c to r  S}.T hese c o e f f e c ie n ts  a re  
l a b e l l e d  ..........e t c .  th u s  g iv in g  f o r  o u r example th e  d e t a i l e d









z e ro  o rd e r  f i r s t  o rd e r
s p e c t r a l  c o e f .  s p e c t r a l
c o e f f e c ie n ts
^ 2  \ 3
2 -2
R23 ^ 2 3
2
Second o rd e r  
s p e c t r a l  
c o e f f e c ie n ts
T h ird  o rd e r  
s p e c t r a l  
c o e f f e c ie n ts
The s p e c t r a l  c o e f f e c ie n ts  c o rre sp o n d in g  t o  th e  || w || =1 in d ex  w e ig h t 
a r e  c a l l e d  " f i r s t - o r d e r  s p e c t r a l  c o e f f e c ie n t s " ,  and th o s e  co rre sp o n d in g  
t o  th e  II iii II =2 " se c o n d -o rd e r  s p e c t r a l  c o e f f e c ie n ts "  and p ro .  r a t  a .
We may i n t e r p r e t  th e  r e s u l t i n g  v a lu e s  o f  th e  s p e c t r a l  
c o e f f e c ie n t s  i n  ^  a s  fa llo w s  :
Rq= | (  number o f  *+1* in  F ( x ) ) - (  number o f  ’^ -1* in  Fj[x)j
= [(number o f  ^0* in  f ( x ) - (  number o f  *1* i n  f ( x ) ) ^ . . . l . l k
R^( 1 < i  < n )=  |(num ber o f  ag reem ents betw een F(x^ and th e  co rre sp o n d in g  
Radem acher fu n c t io n  R ^ ( x ) ) -  ( number o f  d isag reem en ts  
betw een F(x)  and th e  co rre sp o n d in g  Rademacher fu n c t io n  
E i(z ) )}
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= | (  number o f  agreem ents betw een f ( x )  and th e  in p u t  v a r i a b le  
) -  (number o f  d isag reem en ts  betw een f ( x )  and x^)J  . . . 1 . 1 5
R.. ( 1 < i  < j^ n )=  {( number o f  ag reem ents betw een  F (x )a n d  R. ( x ) * R . ( x ) -  
(number o f  d isag reem en ts  betw een F(x)  and R . ( x ) * R . ( x ) }
5  ((num ber o f  agreem ents betw een f ( x )  and th e  fu n c t io n  
x . ^ x . )  -  (number o f  d isag reem en ts  betw een f ( x )  and x .@ x . ) } .1 j  1 j
. . .1.16
S im il i  a r l y  f o r  h ig h e r  o rd e r  s p e c t r a l  c o e f f e c ie n t s .
• T h is  i n t e r p r e t a t i o n  o f  s p e c t r a l  c o e f f e c ie n ts  w i l l  be u sed
in  s e c t io n  1 .3  when we c o n s id e r  th e  r e l a t i o n s h ip  betw een s p e c t r a l
c o e f f e c ie n t s  and m in term  d i s t r i b u t i o n s .
1 . 2 . 2  Some O p e ra tio n s  in  S p e c tr a l  Domain
We s h a l l  c o n s id e r  some b a s ic  B oolean o p e ra t io n s  and t h e i r
c o rre sp o n d in g  o p e ra t io n s  in  spec trum  dom ain.The c i r c u i t  im p lem en ta tio n s
o f  a l l  th e s e  o p e ra t io n s  w i l l  be  s t a t e d  w ith o u t d e t a i l .F o r  f u r t h e r  re a d in g
se e  r e f e re n c e s  1 ,U ,1 5 ,2 1 .
O p e ra tio n  1 In te rc h a n g e  o f  v a r ia b le s  x . and x . , i f j  :
1 J
The new spectrum  S* may be g e n e ra te d  from  th e  o r i g i n a l  
sp ec tru m  S u n d e r th e  in te rc h a n g e  o f  x  and x . i f  in  S th e  s u b s c r ip t " i "  
i s  re p la c e d  by  s u b s c r ip t  " j "  and v ic e - v e r s a .F ig u r e  1 .5  shows th e  c i r c u i t  













F ig u re  1 .5  The c i r c u i t  im p lem en ta tio n  o f  in d ep en d en t v a r ia b le  
in te rc h a n g e .
O p e ra tio n  2 C oinplem entation o f  th e  v a r i a b le  x^;
The nev  spectrum  S* u n d e r th e  com plem enta tion  o f  v a r ia b le  x^ 
i f  in  S th e  s p e c t r a l  c o e f f e c ie n ts  h av in g  s u b s c r ip ts  con tain ing '*  i"  a re  
changed  i n  s ig n .F ig u r e - 1  .-6 .shows th e  c i r c u i t  im p lem en ta tio n  o f  t h i s  
o p e r a t io n .
— D * f ' ( x )
F ig u re  1 .6  The c i r c u i t  im p lem en ta tio n  o f  t h e  com plem entation
o f  th e  v a r ia b le  x ^ .
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O p e ra tio n  3 The g e n e ra t io n  o f  th e  d u a l o f  a  B oolean fu n c tio n :  
G iven fu n c t io n  fC ^ ^ jX ^ , . .x ^ .  ,x^) h av in g  a  spec trum  S g e n e ra te  
th e  d u a l fu n c t io n  f ( ^ , x ^ , . .x^^. .x^) h av in g  a  spectrum  s l  The new 
spec trum  S* may be g e n e ra te d  from  th e  o r i g i n a l  spec trum  S u n d e r th e  
above o p e r a t io n  i f  in  S th e  e v en -o rd e red  s p e c t r a l  c o e f f e c ie n ts  a re  
changed i n  s ig n  .N ote i s  e v e n -o rd e re d .F ig u re  1 .7  shows th e  c i r c u i t  
im p lem en ta tio n  o f  t h i s  o p e r a t io n .
F ig u re  1 .7  The c i r c u i t  im p lem en ta tio n  o f  th e  d u a l o f  
th e  B oolean  f u n c t io n  f ( x ) .
O p e ra tio n  4 The g e n e ra t io n  o f  th e  complement o f  a  B oolean 
f u n c t io n :
G iven th e  fu n c t io n  f ( x ^ , X g , . . x ^ . .x^) h av in g  th e  spec trum  ^  
a  f u n c t io n  f  (x^ ,Xg, .  . x ^ . .x ^ ) h av in g  th e  spectrum  ^* .The  new sp ec tru m  
8* may be g e n e ra te d  from  th e  o r i g i n a l  spectrum  ^  u n d er th e  com plem enta tion  
o f  th e  f u n c t io n  i f  a l l  s p e c t r a l  c o e f f e c ie n ts  in  8 a re  changed i n  s ig n .  
F ig u re  1 .8  shows th e  c i r c u i t  im p lem en ta tio n  o f  t h i s  o p e ra t io n .
f" (x5
F ig u r e l .8  The c i r c u i t  im p lem en ta tio n  o f  th e  com plem entation  o f  th e  
B oolean  f u n c t io n  f ( x ) .
23
O p e ra tio n  5 : S p e c tr a l  t r a n s l a t i o n ;
I f  in  a  Boolean fu n c tio n  f ( x ^ , . . x ^ . . x ^ )  h av in g  a  spectrum  
S, i s  r e p la c e d  hy( x^ ® . .$x^) 0 x^ ,w here the- s e t  o f  s u b s c r ip ts  
{ a , b , . . . h }  i s  d en o ted  by K ,th en  th e  spectrum  S^* o f  th e  new f u n c t io n  i s  
g e n e ra te d  from  th e  spectrum  ^  i f  i n  e v e iy  s u b s c r ip t  o f  th e  s p e c t r a l  
c o e f f e c ie n t s  o f  S c o n ta in in g  * i ^ , t h e  members o f  K a re  d e le te d  i f  th e y  
e x i s t  and appended i f  th e y  do n o t .
F ig u re  1 .9  a  shows th e  im p lem en ta tio n  o f  th e  B oolean fu n c tio n  
f ( x )  i n  te rm s  o f  lo g ic  c ir c u i t ry .S u p p o s e  t h a t  i t  i s  r e q u ir e d  to  r e p la c e  
x^  by  x^= x^9 Xj .T h is  i s  accom plished  by  means o f  an e x c lu s  ive-OR g a te  
and p ro duces a  new lo g ic  module f * ( x ^ , . . x i  . .x ^ ) as  shown in  F ig u re  X .9 .b ,  
F ig u re  1 .9 .C  shows th e  im p lem en ta tio n  o f  t h i s  o p e ra t io n  f o r  th e  v a r ia b le  
x^ re p la c e d .b y  xJ = (x^$  x^ a  x^) ® x ^ .
X1
s
1 . 9 . a  The c i r c u i t  im plem entat io n  o f  th e  B oolean fu n c t io n  f ( x )
— -Y — # ' " — T —'
1 .9 * b  The c i r c u i t  im p lem en ta tio n  o f  th e  o p e ra t io n  x |  = x^ ® x^ . o f  th e  






I . 9 .C The c i r c u i t  i j i^ le m e n ta tio n  o f  th e  o p e ra t io n  x^=x.@(x^@x 0 x _ )  
o f  th e  B oolean fu n c t io n  f ( x ^ ,  ,x ^ .  . x ^ ) . ^ ^ ^
F ig u re  1 .9  The c i r c u i t  im p lem en ta tio n s  o f  some s p e c t r a l  
t r a n s l a t i o n s .
1 .3  The R e la t io n s h ip  B e tv e e n sS p e c tra l C o e f fe c ie n ts  and M interm 
D is t r ib u t io n s  
I t  fa l lo w s  from  th e  e q u a tio n s  l . l U  ,1 5 ,1 6  t h a t
where n^ i s  th e  number o f  agreem ents betw een th e  d e f in in g  fu n c t io n  and
th e  fu n c t io n  x^® X j^ ..^x^  , and n^ i s  th e  number o f  d isag reem en ts  betw een 
me
i s  alw ays t r u e
th e  d e f in in g  fu n c t io n  and x^@Xj@..@x^.In a d d i t io n , th e  e q u a tio n  below
. . . 1 .1 8
S in ce  th e  d e f in in g  f u n c t io n  must e i t h e r  a g re e  o r  d is a g re e  w ith  x  @x . x1 J n
a t  a l l  n - t u p l e s j s u b s t i t u t i n g  f o r  n^ in  e q u a tio n  l . lT v e  w i l l  have




In  s im i la r  m anner :
i j  t .n
. . . 1 .1 9
. . . 1.20
f o r  a l l  s p e c t r a l  c o e f f e c ie n ts  w ith  th e  e x c e p tio n  o f  th e  ze ro  
o rd e re d  c o e f f e c ie n t -
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Hence
Z+V 9 . . . 1 .2 1
where Z i s  th e  nnmber o f  t r u e  m interm s o f  th e  d e f in in g  fu n c tio n : in  th e
space*  =1 a n d -v is  th e  number o f  f a l s e  m interm s o f  th e
^ . f i n i n g  fu n c t io n  in  th e  space .9x^= 0  '. S ince  th e  space  covered
bv  m.®x.». .®x *0 i s  ( 2 ^ / 2 )  n - t u p l e s , i t  fo llo w s  t h a t  th e  number o f  t r u e ,  
1 J n
m interm s in  t h i s  sp ace  i s  ( 2“ /2 )-V ,an d  th u s  th e  t o t a l  num ber o f  t r u e .
m interm s o f  th e  d e f in in g  fu n c t io n ,  u  i s  g iv en  by
u  = Z + — V ). . . . 1 . 2 2
S u b s t i tu t i n g  f o r  V i n  e q u a tio n  1 .2 2  from  e q u a tio n  1 .2 1
u  »  Z + (2 ^ /2 ) -  n^ +Z ,
»  22 + (2 ^ /2 ) — n^ . . . . 1 . 2 3
S u b s t i tu t i n g  f o r  n i n  e q u a tio n  1 .2 3  from e q u a tio n  1 .1 9
^ R . . ^ +  2"^





^ e n c e  Z « - r ^  ( 2u + R. . ) . • •4 i j . »n
E q u a tio n  1 .2 k  shows th e  d i r e c t  r e la t io n s h ip  betw een th e  v a lu e  o f  th e
s p e c t r a l  c o e f f e c ie n t  R. . „ and th e  t r u e  n in te rm  d i s t r i b u t i o n  Z.* U  • •n
l . k  A n ri- ica tio n  o f  S p e c tr a l  T r a n s la t io n  to  Co m b in a tio n a l 
“by  Thyeshold  and Embedded*"Threshold Spe c i f i c a t i o n s  
D ertouzos ^ has shown t h a t  a  th r e s h o ld  fu n c tio n  i s  u n iq u ly  
c h a r a c te r i s e d  by  th e  v a lu e s  o f  th e  f i r s t  (n  + l )  s p e c t r a l  c o e f f i c i e n t s .  
These i n  f a c t  a re  Chow p a ra m e te rs^ . . .M orever th e s e  c o e f f e c ie n t  s may 
ap p ear i n  any o rd e r  w ith  any s ig n  .A ll  th r e s h o ld  fu n c tio n s  a re  l i n e a r l y  
s e p a ra b le  a n d ,b ecau se  th e  d e te c t io n  o f  l in e a r ly - s e p e r a b le  fu n c tio n s  
i s  a  complex p ro c e d u re , look -up  t a b le s  o f  such fu n c tio n s  have been
* see  Appendix D f o r  th e s e  spaces when n=k.
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1 22p re p a re d  * , In  th e s e  t a b l e s  th e  f i r s t  (n  + l)  s p e c t r a l  c o e f f i c i e n t s
o f  each  th r e s h o ld  fu n c tio n  ap p ea r in  a scen d in g  o rd e r  o f  m a g n itu te  and 
a r e  p o s i t iv e .T h e s e  v e c to r s  a re  s u f f i c i e n t  to  c h a r a c te r i s e  a l l  n t h  o rd e r  
th r e s h o ld  f u n c t io n s , and a re  c a l l e d  th e  p o s i t iv e -c a n o n ic  - c h a r a c t e r i s t i c  
v e c to r s ( o r  som etim es s im ply  "can o n ic  v e c t o r s ” ) . I n  o rd e r  t o  e s t a b l i s h  
i f  a  g iv e n  fu n c t io n  i s  a  th r e s h o ld  fu n c t io n  i t  s u f f ic e s  t o  d e r iv e  and 
a r ra n g e  th e  f i r s t  (n  + 1) s p e c t r a l  c o e f f i c i e n t s  o f  th e  g iv en  fu n c t io n  
in  a sc e n d in g  o rd e r  o f  m a g n itu te , change a l l  n e g a tiv e  c o e f f i c i e n t s  to  
p o s i t i v e ,a n d  d e te rm in e  i f  t h i s  c h a r a c t e r i s t i c  v e c to r  ap p ea rs  in  th e  
t a b l e s  o f  p o s i t i v e - c a n o n ic - c h a r a c t e r i s t i c  v e c to r s .
I n  o rd e r  t h a t  th e  th r e s h o ld  g a te  c o rre sp o n d in g  to  a  p a r t i c u l a r  
can o n ic  v e c to r  may be  fo u n d , i t  i s  n e c e s sa ry  t o  de te rm in e  th e  w e ig h ts  
a s s o c ia te d  w ith  t h a t  v e c to r .T h e se  th r e s h o ld  w e ig h ts  a re  a ls o  n o rm a lly  
t a b u la te d  i n  th e  can o n ic  v e c to r  lo o k -u p  t a b l e s  .A r e p re s e n t  e t  iv e  s e t  o f  
sT^ch t a b l e s  a p p e a rs  Appendix B.
The u se  o f  such t a b l e s  i s  b e s t  i l l u s t r a t e d  by means o f  an 
ex am p le .C o n sid er th e  f o u r th - o r d e r  fu n c t io n  o f  f ig u r e  1 ,1 0 .The f i r s t  n+1 
s p e c t r a l  c o e f f e c ie n t s  o f  t h i s  fu n c t io n  a re :
V  \  \  ^3
6 6 -10  2 2
R ea rran g in g  th e s e  c o e f f e c ie n ts  in to  a scen d in g  o rd e r  o f  m agnitude and
ch an g in g  a l l  n e g a tiv e  s ig n s  to  p o s i t iv e  , th e  v e c to r
10 6 6 2 2
i s  o b ta in e d . In s p e c t io n  o f  Appendix B f o r  n=k shows t h a t  t h i s
c h a r a c t e r i s t i c  v e c to r  in d eed  i s  p r e s e n t ,a n d  d e f in e s  a  th r e s h o ld  f u n c t io n
f o r  w hich :
I
C a n o n ic -v e c to r llO  6 6 2 2
W eights W: 3 2 2 1 1 .
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F ig u re  1 .1 0  An example o f  u s in g  th r e s h o ld  f u n c t io n  t a b l e .
Now b ecau se  th e r e  i s  a  o n e -to -o n e  co rresp o n d en ce  betw een each w eig h t 
‘and a s s o c ia te d  number o f  th e  c h a r a c t e r i s t i c  v e c to r ,b o th  in  m agnitude 
and s i g n , i t  i s  p o s s i b l e . t o  r e -e x p re s s  th e  o r i g i n a l  fu n c t io n  in  te rm s 
o f  t h e  w e ig h ts  by re -a rra u g m e n t and change o f  s ig n  as a p p r o p r ia te . I n  
t h i s  exaoq)le
0 \  ^ 2  
: 6 -1 0  '2  2
wi w
a re  th e  o r ig i n a l  c o e f f e c ie n ts  and
w Wi'o "1 "2 "3 k
2 2 - 3 1  1 a r e  th e  co rre sp o n d in g  w e ig h ts .
From th e  w e ig h ts , th e  p a ram e te rs  o f  th e  r e q u ir e d  th r e s h o ld  g a te  may now 
be c a lc u la te d  a s  fo l lo w s :
The in p u t w e ig h tin g  f o r  each  g a te - in p u t  i s  g iv en  b y ;
. . . 1 .2 5
th e  o u tp u t w e ig h tin g s  o f  th e  g a te  i s  g iv en  b y :
W eigh ting  a t  o u tp u t = ^  |  ( X  I wî 1)+ w  ^ + 1 7 . . . 1 .2 6
 ^ I  ^ o J
As th r e s h o ld  g a te s  w ith  a  n e g a tiv e  w e ig h t c a p a b i l i t y  w i l l
W eighting  a t  in p u t x ^ is  e q u a l t o  w | 1 ^  i  ^  n ,
n o t be c o n s id e r e d , i t  i s  im p o rtan t to  n o te  t h a t  i f  some wj a re  n e g a tiv e
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t h e  r e s p e c t iv e  in p u t  may he complemented and c o rre sp o n d in g  w eigh t - 
changed in  s i g n . I n  t h i s  p a r t i c u l a r  example th e r e f o r e  w^ i s  changed in  
s ig n  and  an i n v e r t e r  i s  p la c e d  b e fo re  in p u t x ^ .
From e q u a tio n  1 .2 6 , th e  w e ig h tin g  a t  th e  o u tp u t o f  t h i s  g a te  
i s  —^  ( 7  + 2 +1) = 5 .The re q u ir e d  g a te  i s  shown i n  f ig u r e  1 .1 0 .The 
d e s c r ip t i o n  o f  th e  o p e ra t io n  o f  t h i s  g a te  i s  now s t r a ig h t - f o r w a r d .  
C le a r ly  i f  x ^ = l and x ^= l th e n  th e  o u tp u t th r e s h o ld  o f  5 w i l l  be  e q u a lle d  
s in c e  x^ i s  w e ig h ted  2 and x^ i s  w e ig h ted  3 .The g a te  w i l l  th u s  g iv e  an 
o u tp u t o f  * 1 * .S im i la r ly • th e  g a te  w i l l  a l s o  g iv e  an o u tp u t o f  *1* i f  
Xg=l ,x ^ = i ,Xj^=l th e  sum o f  th e  w e ig h ts  a t  th e  in p u t  a g a in  b e in g  5 
w hich i s  e q u a l to  o u tp u t th r e s h o ld  5 .The r e s u l t  can  be checked from  th e  
K arnaugh map o f  th e  fu n c tio n  shown i n  F ig u re  1 .1 0 .
F o r m ore' d e t a i l e d  tre a tm e n t  see r e f e r e n c e s  1 ,2 ,3 .
The r o l e  o f  s p e c t r a l  t r a n s l a t i o n  in  th e  s y n th e s is  o f  B oolean 
f u n c t io n s ,b y  means o f  th re s h o ld  f u n c t i o n s , i s  now c o n s id e re d  by means 
o f  s im p le  exam ple .
C o n sid e r th e  fu n c tio n  shown by  Karnaugh map o f  F ig u re  1 .1 1 a . 
The sp ec tru m  o f  t h i s  fu n c tio n  i s  as fo llo w s :
^0 ®2 ^3 h  1 ^ 2 ^ 3
6 ' 1 -2 2 —6
-2  : -6 - 2 -2
^23 ^123 \ 2 k ^ 3 k ^23k ^123k
6 -6 2 -2 -6 2 -2 -2
I f  th e  f i r s t  (n  + 1 ) s p e c t r a l  c o e f f e c ie n ts  o f  t h i s  fu n c tio n  a re  o rd e re d  
by  m agnitude and  re n d e re d  p o s i t i v e , t h e  r e s u l t  i s :
6 6 2 2 2
w h ich  does n o t a p p ea r in  th e  lo o k -u p  t a b l e s  o f  p o s i t i v e - c h a r a c t e r i s t i c  
v e c to r s ,v i z  th e  fu n c t io n  i s  n o t th r e s h o ld  f u n c t io n .L e t  us app ly  
s p e c t r a l  t r a n s l a t i o n  to  g e n e ra te  a  new spectrum  S * from  th e  above 
sp ec tru m  S ,u s in g  R ^<=>R ^g(operation 5 s e c t io n  1 .2 .2 )
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XiX2
a ) O r ig in a l  fu n c tio n  
X1X2
c) O p e ra tio n  x^on
th e  fu n c t io n  i n  h .
X1X2










b ) O p e ra tio n  X j^  x^® x^ on th e  
o r i g i n a l  fu n c tio n  
X,Xj
x ^ x \ 00 01 11 10 x * » x \ 00 01 11 103 4 
00 1 1
0 4 
00 1 1 1






d) O p e ra tio n  X |j^ x ^  ® x^  ^ on th e  
fu n c t io n  in  c .
► f(x)
e )T h re sh o ld  r e a l i s a t i o n  o f  th e  example fu n c tio n  f . 
F ig u re  1 .1 1  Example f o r  s p e c t r a l  t r a n s l a t i o n  d e s ig n  te c h n iq u e .
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4 k ^123 \ 2 k ^ 3 k ^23k R
6 -6 2 2 -2 -2 -2 2
see  F ig u re  l . l l . b .
IT
U sing t h i s  o p e r a t io n  a g a in  f o r  th e  g e n e ra t io n  o f  a  new spec trum  S
t  TT f
; , where
TT IT IT IT IT IT IT TT
^0 «2 «3 «1* «12 «13 ■ \ k
6 - 6 6 —6 -2 2 - 2 —6
IT IT IT IT IT IT IT IT
^23 «21* «31* «123 \ 2 k \ s k ^23k \ 2 3 k
2 -2 2 -2 2 -2 —6 -2
.y , a p p ly in g  th e  o p e ra t io n f o r  th e
see  F ig u re  l . l l . c .  
g e n e ra t io n  o f  a  new spec trum
TT TTt IT
! .w here
ITT TTI ITf TTI Ml Ml Ml Ml
^0 «1 «2 «3 «1, «12 «13 «11*
6 —6 6 —6 —6 2 -2 -2
TTI TTI TTI . Ml Ml TTI Ml
^23 ■ «21* «31* «123 \ 2 k ^ 3 k ^23k «1231*
2 2 -2 -2 -2 2 -2 -6
Ml
see  F ig u re  l . l l . d .
Now i f  th e  f i r s t  (n  + l )  s p e c t r a l  c o e f f e c ie n ts  o f  t h i s  fu n c tio n  a re
o rd e re d  by  m agnitude  and re n d e re d  p o s i t iv e  , th e  r e s u l t  i s :
6 6 6 6 6
w hich a p p e a rs  i n  th e  lo o k -u p  t a b le s  o f  p o s i t i v e - c h a r a c t e r i s t i c - v e c t o r s  
(A ppendix B ) ; th u s  i t , i s  a  th re s h o ld  fu n c t io n  .The th re s h o ld  g a te  
p a ra m e te rs  may now be c a lc u la te d  u s in g  th e  m ethod d e sc r ib e d  above,nam ely  
th e  c o e f f e c ie n t s :
^0 ^1  ^2 ^3 ^k
6 —6 6 —6 —6 ,
g iv e  " th e  c o r r e s p o n d in g ' w e ig h ts :
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t T T ? T
w w, W_ w, Wio ^1 '"2 ^3 "k
1 - 1  1 «-1 -1  see  A ppendix B.
From e q u a tio n  1 .2 6 , th e  o u tp u t w e ig h t i s
—^  ( k + 1 + 1 ) = 3 .
The r e s u l t i n g  g a te  a p p ea rs  i n  F ig u re  1 .1 1 .e , to g e t h e r  w ith  th e  exclu sive*  
Or c i r c u i t r y  n e c e s s a ry  to  c a r r y  o u t th e  s p e c t r a l  t r a n s l a t i o n s , i . e .  x^ 
re p la c e d  by  x^®x^,Xg r e p la c e d  by  x^ ® x^ and f i n a l l y  Xj^  r e p la c e d  by
r t f
x^ ® X|^  . B ecause w^ , w^ , a re  n e g a t iv e , in v e r t e r s  a r e  p la c e d  on 
th e  in p u t  l i n e s  x^ , x^ , x^  ^ b e fo re  th e  th re s h o ld  g a te .
T h is  exam ple i l l u s t r a t e s  a p ro p e r ty  common to  many non­
th r e s h o ld  B oolean f u n c t io n s , t h a t  i s  such  fu n c tio n s  may be  re n d e re d  
l i n e a r ly - s e p e r a b l e  ( th r e s h o ld  fu n c t io n s )  by  th e  a p p l ic a t io n  o f  th e  
o p e ra t io n  o f  s p e c t r a l  t r a n s la t io n .S u c h  fu n c tio n s  w i l l  be s a id  t o  have a 
th r e s h o ld  ” embedded” w ith in  them .
The im p o rtan ce  o f  t h i s  r e s u l t  o f  co u rse  l i e s  in  th e  f a c t  
t h a t  th e  v e r s a t i l i t y  o f  th r e s h o ld  lo g ic  i s  in c re a s e d  m an y -fo ld  by  th e  
s t r a i g h t  - fo rw a rd  append ing  o f  e q u iv a le n c e  ( e x c lu s  ive-OR) ty p e  lo g ic .
I n  f a c t  , th e  t a b l e s  o f  A ppendix C shows t h a t  th e r e  a re  o n ly  th r e e  
c la s s e s  o f  f u n c t io n s  o u t o f  e ig h te e n  f o r  n ^ k  w hich do n o t have 
embedded th r e s h o ld  fu n c tio n s  .T hese  f i f t e e n  C la s s e s  o f  embedded 
th r e s h o ld  f u n c t io n s  r e p re s e n t  JO % o f  «11 n 4  k fu n c t io n s .
T h is  s p e c t r a l  t r a n s l a t i o n  d e s ig n  m ethod i s  t o  be  combined 
w ith  m in te rm -in te rc h a n g e  d e s ig n  m ethod in  C h ap ter th r e e  ^  and th e  
”c o s t ” o f  th e  r e s u l t i n g  m ethod o f  s y n th e s is  w i l l  be c o n s id e re d ,
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CHAPTER 2 .A MDITEEM INTERCHANGE OPERATION IN THE 
WALSH DOMAIN
2 .1 .  R e la t io n s h ip s  Between W alsh S p e c tra  o f  B oolean 
F u n c tio n s
2 .1 .1 .  B oolean Product(AND)
2 .1 .2 .  B oolean Sum (OR)
2 .1 .3 .  Development t o  In c lu d e  E x c lu s ive-OR R e la t io n s
2 .1 .U . B oolean P ro d u c t (AND) and B oolean Sum (OR) f o r  
T hree  F u n c tio n s
2 .2 .  The M interm  In te rc h a g e  O p e ra tio n  in  th e  Walsh Domain
2 .2 .1 .  G en era l F o rm u la tio n  o f  th e  M interm O p e ra tio n  
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CHAPTER 2 A MINTERM INTERCHANGE OPERATION IN THE 
WALSH DOMAIN
In  t h i s  C h ap ter we w i l l  be c o n s id e r in g  th e  m interm  i n t e r -  
chsinge o p e ra t io n  w hich i s  th e  c o m e r  s to n e  o f  t h i s  t h e s i s . F i r s t  we w i l l  
s t a r t  w ith  th e  r e l a t i o n s h ip s  betw een  W alsh s p e c t r a  o f  B oolean fu n c tio n s  
which w i l l  be u s e f u l  f o r  m interm  in te rc h a n g e  o p e r a t io n s .
2 .1 .  R e la t io n s h in s  Between W alsh S p e c tra  o f  Boolean F u n c tio n s
The b a s ic  o p e ra t io n s  d e f in e d  in  B oolean A lg eb ra  a re  P ro d u c t,
Sum,and N o t. The Not o p e ra t io n  h a s  a lre a d y  been  exam ined in  th e  Walsh
1 . 2  domain ( s e e  C h ap te r  1 .2 .2 . )  .B oo lean  P ro d u c t and Sum o p e ra tio n s  a re
c o n s id e re d  below .T he q u e s tio n  we w ish  to  answ er i s  Given th e  s p e c t r a  o f
two B oolean  fu n c t io n s  f ^ , f ^  , w hat i s  th e  spec trum  o f  t h e i r  p ro d u c t
( £p“  £ i ^  £2  ^  (£ s °  * "•
2 .1 .1 .  B oolean  P ro d u c t (AND)
Theorem 2 .1 .  The r e l a t i o n s h i p  betw een th e  p ro d u c t- fu n c t io n  
sp ec tru m  S^ and th e  - in d iv id u a l  s p e c t r a  S^ and S^ o f  th e  
f u n c t io n s  f ^  and f^  i s  g iv en  by :
^p= T ^2 + 2 ^  t
2  T ^ a g .F g ]  T-1 + I  T . .  . 2 .1 .b .
P ro o f :
The s p e c t r a  o f  th e  p ro d u c t fu n c t io n  f ^  and th e  in d iv id u a l
» a re
A






Using th e  l i n e a r  r e la t io n s h ip s  betw een t h e ^ 0 , 1 ^  and * ^ l,-i> dom ains: 
= -2  £  + 1
£  =  -
• #. 2 # 2 « a
• • • 2 • 2 #b
= ^  d ia g .f ^ d ia g .f^ ^1
T h e re fo re
F g . - 2 [  d i a g . f j ( - l ; g g  + I  ^
and
A
8 = T F'V/P t p
T h ere fo re
But
= -2  d ia g . f ^  J ( - + 2 t
^ i ]  ?2  ^  t
-  I  + T .  - T ( -  §  %1 + i t  ) + ^  t
T h e re fo re
S = T d ia g .  f^ s „  + i  + I  T 1
<V <>/ 'V
qED,
In te rc h a g in g  th e  d e s ig n a tio n s  i n  th e  above w i l l  c o rre sp o n d in g ly  y i e ld  
th e  p ro o f  o f  th e  e q u a tio n  2 .1  .b .
Example 2 .1 .  G iven:
E l *
fj=(x;^ A X3  )V ( XgAX  ^) f 2 =%3 V ( x^A% 2  >










AND r e la t io n s h ip  betw een f  and f  as fo llo w s ;• X ^
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= T + 2
0 1 1 1 0









E v a lu a t in g  u s in g  , f o r  exam ple, e q u a tio n  2 .1 .h ,w e  have'



























,which i s  as p re v io u s ly  
d e te rm in ed .
The norm al com m utative and a s s o c ia t iv e  p r o p e r t i e s  c l e a r l y  
e n a b le s  th i s ,  r e l a t i o n  t o  be ex ten d ed  t o  more th a n  two f u n c t io n s .
2 .1 .2 .  B oolean  Sum (OR)
Theorem 2 .2 .  The r e l a t i o n s h i p  betw een th e  Sum fu n c t io n  f^ 
(sp e c tru m  S )and  th e  in d iv id u a l  fu n c tio n s  f_ , f .  ( s p e c t r a
S^jSg ) i s  g iv en  b y :
t F  d i a g . 1 t “
. . . 2 . 3 .  a
. . . 2 . 3 . b .
P ro o f:
S in ce  f o r  any g iv en  fu n c tio n  f : 8.^ = (se e  C hap ter 1 .2 .2 )  
and f^= f^V fg = C f^A f^) ,from  th e  e q u a tio n  2 . 1 . a  we o b ta in  ;
I s = - -^ T  |"d ia g . f^ S -  + I  ^  T 1 }'\ r 2  ' \ r i  'V/
= t |^ d ia g . f ^ 8_ + i  S - 1  T 1ci. cl ^
QED.
P ro o f  o f  e q u a tio n  2 .3 .b  fo llo w s  s im i la r ly .
The com m utative and a s s o c ia t i v e  p r o p e r t i e s  e n a b le s  t h i s  
r e l a t i o n  t o  be ex ten d ed  to  more th a n  two f u n c t io n s .
P ro o f
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2 .1 .3 .  Development to  In c lu d e  E xclus ive-OR R e la tio n s  
Theorem 2 .k .  The r e la t io n s h ip  betw een s p e c t r a l  c o e f fe c ie n ts  
S in c lu d e s  th e  fo llo w in g :
S =  + - S ^  + | s 2 + | t 1 . . . 2 .U .a
id iere  i s  th e  spectrum  o f  th e  ex c lu s  ive-OR fu n c tio n  f^®f ^ .
S = T F
= T ( - 2 [ d i a g . r J  f2
= T [a ia g .  P j  + ^  I )  ( -  j S z  +
( 1= U n it m a trix )
■ ' i Î < 'J ;a * [“•'■ 'i] i « > t  • ÿ  
-  * 1 1
= -  I  T l^diag. F]_] Fg + ^  T ^  T Fg + Y  1 -
I t  i s  known t h a t  m u l t ip l ic a t io n  o f  e lem ents o f  F^ , F^ i s
e q u iv a le n t  to  th e  exclusive-O R  o f  e lem en ts o f  f ^  , f^  i . e  ^ d ia g .F ^ F g  
i n  < 1 , - 1 ^  domain co rre sp o n d s  f ^  ® f^  in  < 0 ,2 ^ dom ain.Thence
^  2 ^1 2 ^2 2 ^  ^  •
F u r th e r ,  u s in g  f ^  V f^  = ( f ^ / \  f^) and =-S^ and e q u a tio n  2 .k . a ,
'V» ^
we o b ta in
s in c e  ^  ^2 "  ^1 ^  ^2 '
QED.
ko
Example 2 .2 .





















U sing say  e q u a tio n  2 .k .a ,w e  may now com plete th e  p ro d u c t spectrum ;
Sp=- 2
"-2 " " o ' - 2 " ’ s ' ’ k "
-2 -k 2 0 0








2 + 2 0 + 2 2 ^ 2 0 0
-2 - k 2 0 0
2 -k -2 0 -k
^ 2_ _o_ _ 2^ _0_ _0
w hich i s  t h e  same r e s u l t  f o r  found in  example 1 .2 .
C o ro lla ry  2 .1 .  I f  f ^  and f ^  a re  d i s j o i n t ( i . e .  ^l'*’^ 2^
th e n  S = S_ + S -  T 1 ./vS '^ l  «vg A,
2 .1 .k .  B olean P ro d u c t (AND) B oolean Sum (OR) f o r  Three 
F u n c tio n s
Theorem 2 .k .  The r e l a t i o n s h ip  betw een th e  P ro d u c t- fu n c tio n  
sp ec tru m  S^ and th e  in d iv id u a l  s p e c t r a  S ^ jS ^ jan d  S^ i s  
g iv e n  by  ;
k l
f a  ■ ' S f * i a 3 ‘ ‘ f ' i a *  f ' i s *  ^  ‘  ”
. . . 2 . 5
w here S i s  th e  spectrum  o f  th e  fu n c t io n  f_ ® f  and 
®12 ^  ^
S  i s  th e  spectrum  o f  th e  fu n c tio n  f., ® f .  ® f ,  e t c .  
®123 X 2 d
P r o o f :
f p  = £2 ' '  £3 °  ]  [ ^ ^ - ^ 2]  I s
W ritin g  th e  P ro d u c t fu n c t io n  in  < -1 ,1>  domain and e v a lu a t in g  i t s  spectrum  
g iv e s
*  -2  T { (  -  j j ^ a g . p J +  Y I ) ( -  ^ j ^ a g . F g l  + ^
( -  I  F3 + I  1 )}  + T 1
= -  i t T l - j d i a g . F j  ^ a g . F ^ j  F^ + j ^ a g . F j F ^  + |^ d iag .F ^  F^
+ [ ^ a g . F ^ ] ^ a g . F j l  - j d i a g . F j  1 -F ^  + i j
+ T 1
S in ce  j^ s ig  fJ  j ^ a g . F ^ F ^  co rre sp o n d s  t o  f ^  ® f^  ® f^  i n  <0,1>dom ain 
and s i m i l i a r l y  J d ia g .F ^ F ^  to  f^  ® f^  in  < 0,1>  domain e t c . , t h e n
s = ^ S - ^  S + 8 + S ) + 8 + S + S_)+^
^  ^ f l2 3  '\*®12 ~ 1 3  -V 23 ^  >\r >\r ^
QED.
Theorem 2 .5  The r e l a t io n s h ip  betw een th e  S um -func tion  
sp ec tru m  S^ and th e  in d iv id u a l  fu n c tio n s  s p e c t r a  S ^ ,S 2 »and 
S^ i s  g iv en  by :
+( 8 + 8 + 8  ) +( S + S + 8 ) } - f  T 1
•sT o.®i23 'u 12 13 'Vi 23 y -  '\T   ^ ^  '\j
. . . 2 . 6
Where S i s  th e  spectrum  o f  th e  fu n c t io n  f_ ® f  ® f  e t c .
®123 1 2  3
P r o o f :
k2
^3 = ^1 f g » f 3
and
f l  »  ?2  = » fg
Sf = - Sf.
th e n  u s in g  th e  e q u a tio n  2 .5  ,we o b ta in
'123 + ( + ( I l  + I 2 i -"12 "13 "23
QED.
Example 2 .3 .
^1=
'  1 ' ' 1 ' “ 1 * " 1 "
1 0 1. 1
0 0 0 0
0 1 0 1
’ ^2 = • ^3 " ; . . f , =  =-1 IV 0 «V 1 A/ !\t fJ A> 1
0 0 0 0
0 1 1 1
0 1 1 t 1
f^=  (x ^ X g ) v  (XgAXg)
fg= Cx^AXg) V Cx^AX )^ y ( ^ aX^ AX^ )^  
f^= ( ^ X g )  V (x^ax^ ) ' '  (x^ax^)
fg= (^AXgAX^) V (x^XgAX^)
*v6i 2
’ 0 0 0 1
1 0 1 0




0 , f  =""®23
1
1 ’ £e ""^123
1
0
0 0 0 0
1 1 0 0
1 1 0 0
k3
S s =
f 3 = x^AXg
f s  = ( \ a x 3 ) V (x^ax^ax^)
f^=  (x^aX2ax^ ) v  C ^ax^ax^)
l l =
s =





















































































































































P ro o f;
kk
Theorem 2 .6  The r e l a t i o n s h ip  betw een th e  s p e c t r a  o f  th e
Pro d u c t- fu n c t io n  S . th e  S um -function  S .an d  th e  s p e c t r a  o fp s
in d iv id u a l  fu n c t io n s  S^ and i s  g iv en  b y ;
+ = S i + 8g . . . 2 . T
Adding e q u a tio n s  2 .k . a  and 2 .k .b
£p "  "2 £e 2 ^ I * ^ 2  £2  2 ^
■
QED.
2 .2 .  The M in te m  In te rc h a n g e  O p e ra tio n  in  th e  W alsh Domain
2 .2 .1  G en era l F o rm u la tio n  o f  th e  M interm In te rc h a n g e  
in  th e  W alsh Domain 
The in te rc h a n g e  j( one t r u e  m interm  w ith  a n o th e r , o r  one 
f a l s e  m in term  w ith  a n o th e r ,d o e s  n o t m odify th e  func tion .W e th e r e f o r e  
c o n s id e r  o n ly  th e  in te rc h a n g e  o f  t r u e  m interm s w ith  f a l s e  ones 
D e f in i t io n  2 .1  ” In te rc h a n g e d  F u n c tio n  ( 6 ) " i s  th e  
f u n c t io n  w hich we f in d  a f t e r  h av in g  changed one o r  more o f  
th e  tru e -m in te rm s  o f  a  Boolean fu n c t io n  f  i ^ t h  f a l s e  ones#
D e f in i t io n  2 .2  ” T rue fu n c t io n  (, a )  ” i s  composed o f  th e  
t r u e  m in ten n s w hich a r e  to  be changed.
D e f in i t io n  2 .3 "F e ilse  F u n c tio n  ( 3 ) " i s  composed o f  th e  
f a l s e  m in te im s w hich a re  to  be  changed.













a)Exau3p le  B oolean F u n c tio n  f .
XiX1^2 X1X2





8 J 4 0 4 12 8
00 00
















2 6 14 10
1
b) Interch aged  fu n c tio n 5 c)True fu n ctio n a
\ ^ 1
X o X X
X2
00 01 11 10
\ ^ 1
x , x \
X2































d) F a ls e  fu n c t io n  3 e) Changer fu n c t io n  y
F ig u re  2 .1 .  M interm  in te rc h a g e  on B oolean fu n c t io n  ^and r e l a t e d  
fu n c t io n s
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D e f in i t io n  2 .4  "Changer F u n c tio n  ( y )" i s  th e  sum o r
e x c lu s iv e -O r o f  d i s j o i n t  a  and g fu n c tio n s  i . e .
y = a  V 3 = a $ 6 . . . 2 . 8
Example 2 .4  L e t us c o n s id e r  in te rc h a n g in g  th e  t r u e  m interm s m^,m^^,m^Q o f
th e  Boolean fu n c t io n  f  in  F ig u re  2 .1  w ith  any o f  th e  th r e e  f a l s e  m interm s
m^,m^ ^ 2  .The a b o v e -d e f in e d  fu n c tio n s  a re  i l l u s t r a t e d  in  F ig u re  2 .1
C o ro lla ry  2 .2  From th e  above d e f in i t i o n s  and th e  example i 
th e  r e l a t i o n s h i p  below  can e a s i l y  be o b serv ed ;
f  = y ® 6 . . . 2 . 9
g = y A 6 . . .  .2 .1 0
Theorem 2 .7  The r e l a t i o n s h ip  betw een th e  spec trum  o f  th e  
in te rc h a n g e d  f u n c t io n ,S  ^ , and th e  spec trum  o f  th e  o r i g i n a l
f u n c t io n  to g e th e r  w ith  th e  t r u e  fu n c t io n  spec trum
and  th e  fe ilse  f u n c t io n  spec trum  8 _ i s  g iv en  by :p
8 . = 8 .  + 8 -  8^ . . . 2.11
P ro o f : C hoosing f^  and  f ^  a s  a and  3 in  e q u a tio n  2 .4 ,b
(e q u a tio n  2 . 8 ) , whence 
8 _  = 8 + 8 .  -  T 1 . . . 2 . 1 2
#v, «V® ^  f\j
C o n sid e rin g  e q u a tio n  2 .1 0  and s u b s t i t u t i n g  y , 6 and g f o r  f^  , f^  and 
f j A  fg  in  t h e  e q u a tio n  2 . 4 . a  g iv e s
U sing th e  e q u a tio n  2 .9  and 2 .1 2  i n  th e  e q u a tio n  2 .1 3  and re a r ra n g in g
i t ,  we f i a d  I
QED.
4T
Example 2 .5  L e t u s  ap p ly  th e  e q u a tio n  2 .1 1  f o r  th e  p re v io u s  
exam ple 2 .4  ,s e e  F ig u re  2 .1  ;
"6" " id" ’ io“ 6“
-2 -2 2 -6
-2 2 2 -2
-2 -2 -2 -2
6 -6 2 -2
-2 -2 2 —6
-2 2 -2 2
6 -2 2 2
6 + -2 - 6 -2
-2 2 —6 6
6 -2 6 -2
-2 -6 -2 -6
6 -2 2 2
-2 2 -2 2
-2 -2 -2 -2
r-2 -6 -2 _ -6 _
^ -
2 .2 .2  Snectrum  o f  th e  In te rc h a n g e d  F u n c tio n  S in  te rm s  o f  
Radem acher-W alsh F u n c tio n s
D e f in i t io n  2 .5  "M interm  fu n c tio n  f  " i s  th e  fu n c t io n  w hich 
has  one tru e -m in te rm  v a lu e  o n ly , in  p o s i t io n  m^.
Now,we can  w r i te  th e  t r u e  and f a l s e  fu n c tio n s  in  te rm s o f  th e  
m interm  fu n c t io n s  a s :
k
% .4 - “ii = l  
k
j = l  ~
0 m ^  2 -1
0 ^ m j  $ 2 - 1
. . . 2 . 1 4
. . . 2 . 1 5
Tdiere m^ s a r e  th e  t r u e  m interm s t o  he  chemged,mjS a re  th e  f a l s e  
m interm s to  he  chang ed ,an d  k  i s  th e  number o f  th e  t r u e  (o r  f a l s e )  





= + T 1  . . . 2 .1 6
0 - 1 ' -  '
w here t  i s  t h e  m. t h  column v e c to r  o f  th e  tra n s fo rm  m a tr ix  T.m. J
J
S im i l i a r ly
y  *1 )
k 1=1
= -2  t  + T 1 . . . 2 . IT
4 . - “ i  ~
i = l
where t  i s  th e  m. t h  column v e c to r  o f  th e  tra n s fo rm  m a tr ix  T .m^ i
U sing th e  e q u a tio n s  2 .1 6  and 2 .1 7  in  th e  e q u a tio n  2 .1 1  :
k  k
= 8 % /v»r
i = l  " ~ j = l
o r
|T (\. - " 2 - 1 8
. T—T ^  Ji , j = l
I f  t h e  tr a n s fo rm  m a tr ix  i s  in  Hadamard o rd e r  ( ) th e n  th e  t ^
column v e c to r s  would h e  th e  Rademacher-W alsh fu n c t io n s  c o rre sp o n d in g  
to  th e  same m interm  . Thus th e  e q u a tio n  2 .1 8  shows th e  spec trum  o f  
th e  in te rc h a n g e d  f u n c t io n  8^ in  te rm s  o f  Radem acher-W alsh f u n c t io n s . 
Example 2 .6
L e t u s c o n s id e r  th e  p re v io u s  fu n c tio n  f  o f  example 2 .^  
f i r s t l y  u s in g  th e  T m a tr ix  ( i n  Rademacher-W alsh o rd e r)  th e n  seco n d ly  
th e  Tg m a tr ix  in  Hadamard o rd e r  ."This i s  shown helow :
Rademacher-W alsh o rd e r in g : 49
6 6 1 1 1 1 1 " i ’
—6 -2 1 -1 -1 1 1 -1
-2 -2 1 -1 1 -1 -1
-2 -2 -1 1 1 - 1 1
-2 6 1 -1 1 1 1
—6 -2 -1 1 1 - 1 1
2 -2 1 -1 1 -1 -1
2 6 + 2 ’ 1 + -1 + 1 — 1 — 1 — -1
-2 6 I -1 -1 1 1 -1
6 -2 1 1 1 1 -1 -1
-2 6 -1 -1 1 -1 1
-6 -2 1 1 1 1 1 1
2 6 -1 -1 1 -1 1
2 -2 1 1 1 1 -1 -1
-2 -2 1 -1 1 1 1 -1
-6 -2 1 1 -1 1 1 1
^ 5 > i o ^ 2
Hadamard o rd e r in g :
6 6 1 1 1 1 1
-2 6 1 -1 1 1 1
-2 -2 1 -1 1 1 1
-2 6 -1 -1 1 1
- 2 -2 1 -1 1 -1
6 -2 1 1 1 1 -1





















2 6 -1 1 1 1 -1
2 -2 1 1 -1 1 -1
2 -2 1- 1 1 -1
-6 -2 -1 1 1 1
2 6 1 -1 -1 1 1
-6 - 2 1 1 1 1 1
j 2 _ _ 1_ _ 1^ -1 1 1 1









fu n c t io n ? :
%
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2 .2 .3  The E f fe c t  o f  th e  M in te rm -in te rch an g e  on th e  F i r s t  
O rder S p e c tr a l  C o e f fe c ie n ts
S in c e  we w i l l  be  d e a lin g  w ith  th e  f i r s t  o rd e r  s p e c t r a l  
c o e f f e c ie n t s  o f  a  B oolean fu n c t io n  in  th e  fo llo w in g  two C h a p te r s , i t  
would be  u s e f u l  to  choose th e  tra n s fo rm  m a tr ix  i n  Rademacher-W alsh 
o rd e r  r a t h e r  th a n  Hadamard o rd e r  .T h is  i s  b ecau se  th e  f i r s t  ( n + l )
tkt
e n t r i e s  in^ sp ec tru m  v e c to r  g iv e  th e  f i r s t  o rd e r  sp ec tru m  c o e f f e c ie n ts  
in c lu d in g  when th e  Rademacher-W alsh o rd e r  t ra n s fo rm  i s  u se d .
From C h ap te r 1 e q u a tio n  l , h  
R (x ) = W (x) = ( - l ) ^ s ^ ^ ^  I c  s < n'VrS '^2^ ^
where R (x ) = A Rademacher-W alsh fu n c t io n  s
W (x )=  P a r t i c u l a r  rows( colum ns) o f  th e  Hadamard o rd e r  
t r a n s fo rm  m a tr ix  T_ w hich have in d ex  number as afl
in te g e r  power o f  2 .
X (x) = s th  independent v a ria b le<wS
On th e  o th e r  hand , s in c e  th e  e n t r i e s  o f  x^ a re  *0’ o r* l*  
th e n  th e  above e q u a tio n  becomes
Rg(x) = -2  Xg(x) + 1 . . . 2 . 1 9
«V, «V 'Xi
where 1 = [ l  1 .► .. i j  .
T h e re fo re
X (z) = 4  I"  B . W  + l l  . . . 2 . 2 0
n
m. = z (z )  = /  z  2^~® . . . 2 . 2 1
A lso  
s= l ~
where e n t r i e s  o f  x  a r e  th e  m interm  i d e n t i f i c a t i o n  numbers in  d e c im a l. 
S u b s t i tu t i n g  x^ in  e q u a tio n  2 .2 1  f o r  th e  x^ in  th e  e q u a tio n  2 .2 0  g iv e s
z  =  ^  X ( . -R _(x) + I J V  2“  . . . 2 . 2 2
Rademacher fu n c tio n  in  0 ,1  domain
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E q u a tio n  2 .2 2  shows t h a t  i f  we w r i te  th e  Rademacher 
fu n c t io n s  a s  th e  rows o f  a  m a tr ix  , th e  columns o f  t h i s  m a tr ix  co rre sp o n d  
to  th e  b in a ry  e x p an s io n s  o f  th e  m interm  I d e n t i f i c a t i o n  numbers inÛ - , - 1 ^  
dom ain. T h is  i s  i l l u s t r a t e d  by  th e  fo llo w in g  th r e e  v a r ia b le  exam ple:
1
A ^3 \
=1 1 1 1 1 -1 -1 -1 -1
^2 1 1 -1 -1 1 1 -1 -1
«3 1 -1 1 . -1 1 -1
i n ( l .
1 -1  
- l )  domain
=^ 0 “ l “ 2
2^ 0 0 0 0 1 1 1 1
2^ 0 0 1 1 0 0 1 1
2° 0 1 0 1 0 1 0 1
1 0 ) (1 ) (2 ) (3) W (5 ) (6 ) (7 ) 
in  < 0 ,1 ^  domaiz
d en o tes  a  column v e c to r  i n  ^ 1 , - 3 ^ dom ain, w hich co rre sp o n d s  t o  th e
b in a ry  e x p a n s io n  o f  th e  m interm  i d e n t i f i c a t i o n  number m^ in ^O ,3^dom ain.
S in c e  we a re  d e a lin g  w ith  t h e  f i r s t  o rd e r  c o e f f e c ie n ts
on ly ,w e can  w r i te  e q u a tio n  2 .1 8  as  fo llo w s  :
k
. . . 2 . 2 3
i - 1
w here M/  s a r e  in te rc h a n g e d  t r u e  m interm s in  b in a ry  ^1 -l> dom ain  and 
8 a r e  in te rc h a g e d  f a l s e  m interm s in  b in a ry  •^ 1 ,- lV  dom ain.




6 ” 6 1 1 1 1 1 1
-6 -2 1 -1 ■-1 1 1 -1
-2 -2 +2 * -1 + 1 + -1 - 1 - -1 - -1
-2 -2 1 -1 1 1 - 1 1
-2 6 , -1 ! 1 -1 1 1 1
S
' /V «5 «10 «13 «6
C o ro l la ry  2 .3 .  The e f f e c t  on th e  f i r s t  o rd e r  s p e c t r a l  
c o e f f e c ie n t s  o f  chang ing  a  p a i r  o f  m interm s may he z e ro , 
—If o r  +U «•
T h is  can  e a s i l y  he  seen  from  e q u a tio n  2 .2 3 .
C o ro l la ry  2.U I f  two m interm s , h av in g  a  Hamming d is ta n c e  
o f  o n e ,a re  in te rc h a n g e d  th e n  o n ly  one c o rre sp o n d in g  f i r s t .
Hu
o rd e r  s p e c t r a l  c o e f f i c i e n t  w i l l  he  e f f e c t e d ,  h u t^ r e s t  o f  
th e  f i r s t . o r d e r  s p e c t r a l  c o e f f e c ie n ts  w i l l  n o t .
E q u a tio n  2 .2 3  co n firm s th e  above c o r o l l a r y .
2 .3  C onclusion
In  t h i s  C h ap ter we have m a th e m a tic a lly  shown th e  e f f e c t  o f  
m in te rm -in te rc h a n g e  on th e  s p e c t r a l  c o e f f e c ie n t s .  The fo llo w in g  two 
C h ap te rs  w i l l  c o n s id e r  th e  a p p l ic a t io n  o f  t h i s  m in te rm -in te rc h a n g e  
t o  th e  d e s ig n  o f  th e  c o m b in a tio n a l c i r c u i t s  and s e q u e n t ia l  m achines, 
w ith  th e  o b je c t  o f  g e n e ra t in g  members o f  a  c la s s  o f  s im p le s t  
f u n c t io n s ,w hich may th e n  y i e ld  an o p tim a l s y n th e s is  r e a l i s a t i o n .
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C h ap te r 3 THE APPLICATION OF THE MINTERM-INTERCHANGE 
OPERATION TO THE DESIGN OF COMBINATIONAL 
LOGIC
3 .1 .  C om plexity  o f  a  B oolean F u n c tio n  and i t s  R e la t io n s h ip  
t o  M in te rm -in te rch an g e
3 .1 .1 .  C oncept o f  C om plexity  
As i s  w e l l  known , many d i f f e r e n t  methods have been  u sed  
f o r  s y n th e s is in g  lo g ic  c i r c u i t s  w hich re e i l is e  B oolean fu n c tio n s .T a k e  
f o r  exam ple, th e  fu n c t io n  f  i n  F ig u re  3 .1 .Some o f  th e  c i r c u i t s  w hich 
r e a l i s e  t h i s  B oolean  fu n c tio n  a re  shown in  F ig u re  3 .2 .
B ecause o f  th e s e  many d i f f e r e n t  form s o f  r e a l i s a t i o n s ,we 
fa c e  th e  p rob lem  o f  ch o o sin g  th e  'b e s t   ^ c i r c u i t  , t h a t  i s  th e  c i r c u i t  
o f  minumum c o s t  o r  c o m p le x ity .In  o rd e r  t o  d ec id e  w hat c o n s t i tu e s  a  
minumum c o s t ,o r  minimum c o m p le x ity , th e  fo llo w in g  p a ra m e te rs  may be 
ta k e n  in to  acco u n t :
X1X2












Figure 3 . 2 . a T w o-level r e a l i s a t io n  o f  th e  example fu n ctio n
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*1
F ig u re  3.2.*b R e a l i s a t io n  o f  th e  example fu n c t io n  by  u s in g  th e  
R eed-M uller ex p an s io n .
T3
F ig u re  3 .2 .c  R e a l i s a t io n  o f  th e  example fu n t io n  by u s in g  
T h re sh o ld  g a te s .
Figure 3 . 2 . d .  Symmetry r e a l i s a t io n  o f  th e  example fu n c t io n .
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F ig u re  3 .2 .e  Exclusive-O R  d eco m p o sitio n  r e a l i s a t i o n  o f  th e  
ex aog le  f u n c t io n  •
i )  The sum o f  th e  in d iv id u a l  c o s ts  o f  e v e ry  b a s ic  g a te  i n  th e  
c i r c u i t  .We sh o u ld  c o n s id e r  th e  same ty p e  o f  g a te s  w ith  d i f f e r e n t  number 
o f  in p u ts ,a s  d i f f e r e n t  b a s ic  g a te s  ( p r im it iv e s  )
i i )  Time d e la y : th e  maximum number o f  g a te s  en co u n te red  when 
p a s s in g  from  an a r b i t r a r y  in p u t to  an a r b i t r a r y  o u tp u t .
L e t us exam ine,from  th e  c o s t  p o in t  o f  v ie w ,th e  c i r c u i t s  o f  
F ig u re  3 .2  and th e  c o rre sp o n d in g  d e s ig n  m ethods:
a .  The 3 . 2 . a  s y n th e s is  o f  th e  fu n c tio n  f  was de te rm in ed  
by m in im izing  th e  p ro duct-sum  ex p an sio n  , t h a t  i s  , d e te rm in in g  th e  
minumum number o f  h ig h e s t r o r d e r  cubes ( e s s e n t i a l  prim e im p lic a n ts  ) t o
T O O  ^
cover th e  whole fu n c t io n  * * . C o st: 2 t h r e e - in p u t  AND; 4 fo u r - in p u t
AND; 1 se v e n - in p u t OR; U NOT g a te s .D e la y :2 .
b .  The 3 .2 .b  c i r c u i t  was s y n th e s iz e d  from  th e  R eed-M uller 
ex p an sio n  o f  a B oolean fu n c tio n  . Once th e  c o e f f e c ie n ts  o f  t h i s  
ex p an sio n  a re  fo u n d ,th e n  th e  c i r c u i t  may v e ry  e a s i l y  be d e s ig n e d .
C o st; U tw o -in p u t ex c lu s  ive-OR g a te s  ; 1 tw o -in p u t AND g a te  and 1 
th r e e - in p u t  AND g a te .D e la y :4 .
c .  The 3.2 .C c i r c u i t  was s y n th s iz e d  by  u s in g  th e  S p e c tr a l
59
te c h n iq u e s  . C o st: 3 tw o ^ in p u t e x c lu s iv e  -OR ; .1 < '2 ,1 ,1 ,1 ;3 >
f o u r - in p u t  T h resh o ld  g a te .D e la y : 3
8
d . The 3 .2 .  d c i r c u i t  was d esig n ed  hy symmetry te c h n iq u e s  
in  t h e  spec trum  dom ain. C ost: 2 two in p u t NAND g a te s ;  2 tw o -in p u t 
exclusive-O R  g a te s  , and j  NOT g a te s  .D elay : U.
e .  The 3 .2 .e  d e s ig n  i s  a n o th e r  one w ith  c o s t  o f  .1 f o u r -  
in p u t  exclusive-O R  ; 1 tw o -in p u t ex c lu sive-O R ,and  1 th r e e - in p u t  
AND, 2 NOT g a te s .D e la y :2 .
S in ce  a l l  th e s e  c i r c u i t s  ( o r  c o rre sp o n d in g ly  m ethods) 
r e a l i s e  th e  same B oolean fu n c t io n  f , t o  choose th e  lo w est c o s t  ( o r  
minumum co m p lex ity ) c i r c u i t  we need  to  d e f in e  co m plex ity  ** o f  a  
B oolean fu n c tio n  a cc o rd in g  t o  d i f f e r e n t  te ch n iq u es .T h e n  we would he 
a b le  to  s e l e c t  th e  lo w e st c o s t  d e s ig n  by  c a lc u la t in g  t h i s  co m p lex ity  
r a t h e r  th a n  d e s ig n in g  th e  c i r c u i t s  by many d i f f e r e n t  m ethods..
' A nother a p p l ic a t io n  o f  th e  concep t o f  co m plex ity  may be  th e  
com parison  o f  two d i f f e r e n t  B oolean fu n c tio n s  u n d er th e  same o r  d i f f e r e n t  
d e s ig n  te c h n iq u e s .
So f a r  we have been  lo o k in g  a t  th e  need f o r  a  co n cep t o f
co m p lex ity  from  p r a c t i c a l  p o in t  o f  view.Now l e t  us b r i e f l y  lo o k  th ro u g h
th e  t h e o r e t i c a l  developm ents o f  t h i s  concep t in  r e c e n t  decades^
F i r s t l y  , i n  19^9 Shannon ^  made an a n a ly s is  o f  th e  co m plex ity  f o r
12tw o -te rm in a l s w itc h in g -fu n c tio n  r e a l i s a t i o n s .  In  195^ M u lle r f u r th e r  
c o n s id e re d  th e  id e a  o f  com plex ity  in  e le c t r o n ic  sw itch in g  c i r c u i t s .
M u lle r d e f in e d  co m p lex ity  as th e  sum o f  th e  in d iv id u a l  c o s ts  o f  ev e ry  
b a s ic  g a te  i n  th e  c i r c u i t .  He p roved  th e  r e la t io n s h ip  below :
^  < * 2  < ^2 1  . . . 3 . 1
where $ ^ i s  th e  minumum c o s t  fo r  a  B oolean fu n c tio n  r e a l i s a t i o n  
w ith  c e r t a in  b a n ic  g a te s  and  a n o th e r  minumum c o s t f o r  th e  same
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fu n c t io n  r e a l i s a t i o n  w ith  a n o th e r  b a s ic  g a te s  s e t .T h e  c o n s ta n ts  and 
Eg depend o n ly  upon th e  b a s ic  g a te s  and t h e i r  c o s t  b u t n o t th e  fu n c t io n  
i t s e l f  . T h is  r e l a t i o n  g iv e s  th e  b o u n d a rie s  f o r  th e  c o s t  0 g , and
t
a ls o  shows t h a t  ; t o  a  c o n s ta n t m u lt ip ly in g  f a c t o r , 0 g s b e h av io u r 
i s  in d ep en d en t o f  th e  b a s ic  g a te s  w hich a r e  u sed  .A g a in , in  th e  same 
p a p e r  a  s i m i l i a r  r e l a t i o n s h i p  was shown when th e  number o f  eirguments 
(p ) and th e  number o f  B oolean fu n c t io n s  (q ) a r e  a llo w ed  to  in c r e a s e ,  
t h i s  b e in g :
(p ,q )  ^  Eg(p,q) ^  Eg E ^ (p ,q ) . . . 3 . 2
where E( co m p lex ity ) i s  d e f in e d  as th e  maximum c o s t  o f  th e  fu n c tio n s
f o r  c i r c u i t s  h a v in g  p  in p u ts  and q o u tp u ts .  E^ , Eg c o n s ta n ts  a re  th e
same as  d e s c r ib e d  above. M u lle r f u r t h e r  e s tim a te d  E ^ (p ,q ) = 2 ^ / r
( r=  p + lo g g  q) f o r  th e  b o u n d a rie s  o f  E g (p ,q ) c o m p le x ity . Shannon
and Lupanov a l s o  c o n s id e re d  co m p lex ity  b o u n d a r ie s . L a te r
W inograd and S p ir a  b o th  c o n s id e re d  ’^ time co m p lex ity ” ( f o r
d e f i n i t i o n  see  p a ra m e te r  i i  a b o v e ) . I n  1975 D avio and Q u isq u a te r
d eveloped  M u lle r^ s  work f o r  m any-valued  l o g i c .
We may a sk  why r e s e a rc h  on co m p lex ity  developed  i n  t h i s
w a y ,v iz . f in d in g  b o u n d a rie s  r a t h e r  th a n  e x a c t co m p lex ity  v a lu e s .  I n f a c t  
. .  17Y ab lo v sk ii h a s  c o n je c tu re d  t h a t  th e  la b o u r  in v o lv e d  in  d e te rm in in g
th e  e x a c t v a lu e  o f  c o n p le x i ty  i s . ro u g h ly  o f  th e  same o rd e r  m agnitude
as  t h a t  r e q u ir e d  t o  c o n s t r u c t  a  minimal n e tw ork .
However , w h ile  th e  r e s e a rc h  on co m p lex ity  b o u n d a rie s  
l 8c o n tin u e d  E elle rm an  c o n s id e re d  th e  av erag e  com p lex ity  ( c o s t )  f o r  
a  o n e -o u tp u t c o m b in a tio n a l lo g ic  netw ork  w hich im plem ents a  Boolean, 
fu n c t io n  w ith  u  ”1 ” v e r t i c e s ,  h "0 ” v e r t i c e s  and n in d ep en d en t 
v a r ia b le s  .He d e r iv e d  an  e x p e r im e n ta l fo rm u la  f o r  th e  averag e  c o s t  C:
6 l
= ( %2 - ' - 3'3
K^ and Eg c o n s ta n ts  depend on th e  m ethods b e in g  u se d .
19I n  1973  Cook and F lynn  su g g es te d  an  e n tro p y  fu n c tio n ,w h ic h  
co n firm s E elle rm an  * s e x p e rim en ta l r e s u l t s ,  as  an  av erag e  c o s t  o f  a 
B oolean f u n c t io n .  I n  t h e i r  p a p e r a  s in g le  -o u tp u t  b in a r y  B oolean  fu n c tio n  
f  i s  t r e a t e d  as  a  d e te r m in is t ic  fu n c t io n  o f  e q u ip ro b a b le  in p u ts  and 
th e r e f o r e  th e  p r o b a b i l i t y  t h a t  f = l  ( i . e .  h as  o u tp u t e q u a l t o  l )  i s  
g iv e n  by  ; P ( f )  = u /2 ^  where u  i s  th e  number o f  ”1 ” v e r t i c e s  and 
n i s  th e  number o f  argum ent s .  Shannon’s ^  e n tro p y  fu n c t io n  E , w hich 
was p ro p o sed  a s  an av erag e  c o s t  fu n c t io n  o f  f ,w as  d e f in e d  in  th e  
s tan d s ird  way a s
F ig u re  3 .3 .  shows th e  maximum ,minuraum and av e rag e  c o s t (  e n tro p y  )
cu rv es  "Versus th e  u  ”1" v e r t i c e s  (number o f  t r u e  m in term s) f o r  th r e e
v a r ia b le  ,one  o u tp u t b in a ry  B oolean fu n c tio n s .T h e  c o s t  cu rve  o f
F ig u re  3.%. i s  f o r  s ix - v a r i a b le  fu n c t io n s .
C ost *
1 : minumum c o s t
2 : av erag e  c o s t(E n tro p y  c u rv e )
3  :  T T ia .y T T m n n  c O S t
Û: number o f  t r u e  m interm s
^  u
F ig u re  3 .3 .  M ax.,M in. and  averag e  c o s t  fu n c tio n s  f o r  th r e e - v a r i a b le  





2  P r œ t i c a l  r e s u l t
80
■3 Average c o s t  "en tro p y '
60
Max.
c o s t40
20
M in .co s t
5632 40 6448
F ig u re  3 .k .  M ax.,M in ., and av erag e  c o s t - f u n c t io n s  v e rs u s  * u  * 
number o f  tru e -m in te rm s  f o r  s ix - v a r i a b le  B oolean f u n c t io n s .
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20 21 22 H e llen n an  ,M ile to  and F n tz o lu  and Sholomov have a ls o
in v e s t ig a te d  th e  p r o b a b i l i s t i c  average  c o s t  (o r  co m p lex ity ) o f
b in a r y  B oo lean  f u n c t io n s .
C o ro lla ry  3 .1 .  From th e  above e x p la n a tio n s  co n ce rn in g  th e
co m p lex ity  o f  a B oolean fu n c t io n  i t  i s  concluded  t h a t ,
s t a t i s t i c a l l y ^  h ig h  o r  low^number o f  t r u e  ( f a l s e  )m interm
fu n c t io n s  a re  l e s s  complex th a n  o t h e r s .
3 .1 .2 .  S im p les t F u n c tio n s  and S im p le s t-T h re sh o ld  F u n c tio n s  
D e f in i t io n  3 .1  F o r a  g iv en  number o f  t r u e  m interm s ( u ) ,  
t h e r e  a re  I *" \ d i f f e r e n t  n - v a r ia b le  B oolean fu n c tio n s(D
w hich have u  tru e -m in te rm s  .Some o f  th e s e  fu n c t io n s  can  b e  
r e a l i s e d  by minumum number o f  MD o r  OH g a te s  h av in g  
two in p u ts .  They a re  c a l l e d  " s im p le s t  f u n c t io n s ” .
Example 3 .1 .  The fu n c t io n  in  F ig u re  3 .5  i s  a  s im p le s t  fu n c t io n  
w ith  fo u r  v a r i a b le s  and f iv e  tru e -m in te rm s ( o r  e lev e n  fa ls e -m in te rm s  )
Xl%2





F ig u re  3 .5 .  A s im p le s t  f o u r - v a r ia b le  fu n c t io n  w ith  u=5 
number o f  t ru e -m in te rm s .
6h
H en ce fo rth  we deno te  th e  number o f  tru e -m in te rm s  hy ”u" and th e  
number o f  fa ls e -m in te rm s  by  ’V " .
C o ro lla ry  3 .2 .  N P N ( N eg atio n  o f  o v e r a l l  f u n c t i o n , ' 
P e rm u ta tio n  o f  v a r i a b l e s ,  N eg a tio n  o f  v a r ia b le s  ) m a n ip u la tio n  
( see  r e f e re n c e  23) o f  a  s im p le s t  fu n c t io n  g iv e s  a n o th e r  
s im p le s t  fu n c t io n .
C o ro lla ry  3 .3 .  F or a  g iv en  v a lu e  o f  u " , a l l  th e  s im p le s t
—^  23fu n c tio n s  a re  n o t in  th e  same NPN c la s s  .T h a t i s  , th e r e  
may be two s im p le s t  fu n c tio n s  w ith  th e  same number o f  t r u e -  
m in te rm s,b u t one o f  them  canno t be  g e n e ra te d  from  th e  o th e r  
one by  NPN m a n ip u la tio n s .
Example 3 .2 .  f^  and f^  fu n c tio n s  , i n  F ig u re  3 . 6 . ,  a re  b o th  
s im p le s t  b u t n o t i n  th e  same NPN c la n s .  Both have u=7.
f .
y  ^  + 3^ '4
S im p les t b u t n o t th r e s h o ld  
X1X2
* V ^  >
S im p les t and th re s h o ld  
X 1 X 2
x , x \ 0 0 01 11 10 0 0 01 11 10<1 4 
00 1
3 4 
0 0 1 1
01 1 01 1 1
11 1 1 1 1 11 1 1
10 1 10 1
F ig u re  3 .6 .  Two d i f f e r e n t  f o u r - v a r ia b le  s im p le s t  fu n c tio n s  w ith  u=T.
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Appendix -A shows a l l  s im p le s t fu n c tio n s  w ith  u  t r u e -  
m interm s up to  f iv e  v a r ia b le s  to g e th e r  w ith  th e  p o s i t iv e - c a n o n ic a l  
f i r s t - o r d e r  s p e c t r a l  c o e f f e c ie n ts  and c i r c u i t  s t r u c t u r e s .
%ien th e  s im p le s t fu n c tio n s  s p e c t r a  and th e  th r e s h o ld  
fu n c t io n s  sp e c tra ,T d iic h  a re  shown in  Appendix B ,a re  com pared, i t  can 
be o b se rv ed  t h a t  th e r e  i s  a t  l e a s t  one s im p le s t f u n c t io n  which i s  a lso  a 
th resh o ld  fu n c tio n , Such a fu n ction  > fill be termed sim p lest-th resh o ld . ,
2kI t  h as been  p roved  t h a t  i f  a  B oolean fu n c t io n  can be
w r i t t e n
f (  x ^ , x ^ , . .  .x^) = x^ g( x^ ,Xg, . . * ^ i + l *"'  "^n^
o r  as
f  =  g
where 1 ^  i ^  n and fu n c tio n  g does n o t depend upon th e  v a r ia b le  x ^ ,  
th e n  f  i s  t h r e s h o ld  i f  and o n ly  i f  g i s  th re sh o ld .O n  th e  o th e r  hand  
a '  n - v a r ia b le  s im p le s t  fu n c tio n  w ith  u  tru e -m in te rm s  can  be g e n e ra te d
from  a  n -1  v a r ia b le  s im p le s t  fu n c t io n ,w ith  th e  same u  , i n  th e  form
f „ = X f  n n n«Tl ,
where f  = n -v a r ia b le  s im p le s t f u n c t io n , f  = 6i-i) v a r ia b le  s im p le s t  fu n c t io n , n n v i
X may be re p la c e d  by x  . In  o rd e r  t o  in c lu d e  th e  new v a r ia b le  x  w ith  n n n
f ^ 2  » i s  c l e a r  t h a t  we have to  add one tw o -in p u t AND g a te  to  
th e  c i r c u i t  r e a l i s i n g  f^ _ ^ . I t  fo llo w s from d e f in i t io n  3 .1 .  t h a t  f^  
d e r iv e d  from  f^ _ ^  would be s im p le s t as w e ll .F u r th e r  i f  f ^_2 
S im n le s t- th r e s h o ld  th e n  f ^  w i l l  a ls o  be S im p le s t- th re s h o ld  .
Example 3 .3 .  A f i f t h - o r d e r  s im p le s t- th re s h o ld  fu n c tio n  
f^  w ith  u= 5 i u  F ig u re  3.7«b i s  d e r iv e d  from  th e  fo u th -o rd e r  
s im p le s t - th re s h o ld  fu n c tio n  f|^ ( u=5) in  F ig u re  3 .7 . a .
X iX j 66
x \  0  0 01 11 10





*3 + ” 2 ^ 1* )
S im p le s t- th r e s h o ld
(a )
x-=0 X j=l
x \  0 0 01 11 1 0 1 1 1 0 1 00  {




(b ) t -  = X5 - 5 [ V ' 3 * >2 • »  Ij S im p le s t- th r e s h o ld
F ig u re  3 .7 .  Com parison o f  fo u r th  and f i f t h  o rd e r  s im p le s t - th r e s h o ld  
fu n c t io n s  w ith  th e  same u=5.
C o ro lla ry  3 .k .  F or a  g iv en  u  , a t  l e a s t  6ne  n -v a r ia b le  
s im p le s t  fu n c t io n  can be found  w hich i s  th r e s h o ld  ^ p rov ided  
we know a  lo w e r-o rd e r  s im p le s t - th r e s h o ld  fu n c t io n  w ith  th e  
same u  tru e -m in te rm s .
C o ro lla ry  3 .5 .  The f i r s t - o r d e r  s p e c t r a l  c o e f f e c ie n ts  o f  a  
new h ig h e r -o r d e r  n - v a r ia b le  s im p le s t - th r e s h o ld  fu n c tio n  
( f ^ )  w i l l  be  th e  same as i t s  lo w er c o u n te r p a r t  ( ) »
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ex cep t f o r  and R^j R^ co rre sp o n d s  to  th e  new- 
in d ep en d en t v a r ia b le  x ^ ,w h i ls t  R^ co v ers  th e  a d d i t io n a l  
m interm s o f  f (x ) .T h e s e  s p e c t r a l  c o e f f e c ie n ts  can  be 
c a lc u la te d  as
R^ , = 2“  -  2u
. . .3.5
R = 2u 'n
The p ro o f  fo llo w s  from th e  r e l a t i o n s h ip  betw een th e  s p e c t r a l  
c o e f f e c ie n ts  and th e  d i s t r i b u t i o n  o f  m in te rm s ,a s  e x p la in e d  in  C h ap te r 1 ,  
I t  sh o u ld  be  c a r e f u l ly  n o te d  t h a t  a lth o u g h  we have in tro d u c e d  
th e  te rm in o lo g y  " s im p le s t - th r e s h o ld ” , t h i s  does n o t n e c e s s a r i ly  r e q u i r e  
us t o  u se  th r e s h o ld  lo g ic  g a te s  i n  a  p r a c t i c a l  r e e i l is a t io n .T h e  " s im p le s t  
th r e s h o ld  " i s  a  t a r g e t  s p e c i f i c a t i o n  f o r  s im p le s t  fu n c tio n s  and when 
n e c e s sa ry  th e y  can  be  r e a l i s e d  w ith  norm al v e r te x  g a te s ,a s  shown in  
Appendix A.
C o ro lla ry  3 .6 .  Some o f  th e  s im p le s t  fu n c t io n s  a re  n o t 
th r e s h o ld .
For exam ple, f^  fu n c t io n  i n  F ig u re  3 .6  i s  s im p le s t  b u t n o t th r e s h o ld ,  
f^  i s  s im p le s t - th r e s h o ld .
3 .2 .  Im p lem en ta tio n  o f  th e  M int e rm -in te rc h a n g e  O p e ra tio n  
f o r  th e  R e a l i s a t io n  o f  B oolean F u n c tio n s
3 . 2 .1 . M in te rm -in te rch an g e  and D esign S tr u c tu r e  
I t  i s  known from  C h ap ter 2 e q u a tio n  2 .9  t h a t  
f=  Y 0 6 jWhen,
f  = B oolean fu n c tio n  t o  be  d e sig n ed
fi = In te rc h a n g ed  fu n c tio n ,d e te rm in e d  by in te rc h a n g in g  th e  tru e -m in te rm s
w ith  f a l s e  ones in  f .
Y = Changer fu n c tio n  ,conposed  o f  th e  in te rc h a n g e d  t r u e  and f a l s e
m in te rm s.
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A p o s s ib le  im p lem en ta tio n  o f  e q u a tio n  2 .9  i s  shown in  
F ig u re  3 .8  below .
f
F ig u re  3 .8  M in te rm -in te rch an g e  D esign  S t r u c tu r e .
In  t h i s  ty p e  o f  deco m p o sitio n  o f  f  ,o u r  aim i s  to  f in d  y  
and 5 fu n c tio n s  w ith  th e  o v e r a l l  minumum c o s t  by  in te rc h a n g in g  
m interm s i n  f  .L e t u s  c o n s id e r  th e s e  6 andy. y  fu n c tio n s  s e p a r a te ly .
F i r s t l y ,  s in c e  6 i s  d e te rm in ed  by m in te rm -in te rch a n g e  in  
th e  o r i g i n a l  fu n c tio n  f , t h e  number o f  tru e -m in te rm s  o f  b o th  6 and f  
i s  th e  same. S e c o n d ly ,i t  would be  id e a l  to  choose 6 as a  s i m p l ^ t -  
th r e s h o ld  fu n c tio n  w ith  th e  same n  and u .T hen  th e  c o s t  o f  6 would 
be th e  lo w est among th e  same u  tru e -m in te rm  fu n c t io n s ,a n d  5 can 
e a s i l y  be  re c o g n ise d  b y  (n + l)  f i r s t - o r d e r  s p e c t r a l  c o e f f e c ie n ts  o n ly , 
T h i r d ly , th e  c i r c u i t  r e a l i s a t i o n  o f  th e  chosen  s im p le s t - th r e s h o ld  6 
fu n c tio n  i s  u n iv e r s a l .T h a t  i s  , f o r  a  g iv en  u  and n a l l  th e  p a r t i c u l a r l y  
chosen  s im p le s t - th r e s h o ld  fu n c tio n s  r e a l i s a t i o n  c i r c u i t s  a re  th e  same.
Now c o n s id e r  th e  y  fu n c t io n  .A ccord ing  to  e n tro p y  c o s t  m entioned 
in  C h ap te r 3 . 1 . 1 . , s t a t i s t i c a l l y  th e  c o s t  o f  t h i s  y  fu n c tio n  w i l l  be 
low i f  i t  h as  sm all ( o r  h ig h ) number o f  tru e -m in te rm s .
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Hence in  th e  l i g h t  o f  th e  above e x p la n a tio n s  we can s t a t e  
th e  g e n e ra l  r u le  f o r  th e  d e s ig n  o f  co m b in a tio n a l lo g ic  c i r c u i t s  
u s in g  m in te rm -in te rch a n g e  o p e ra t io n .
C o ro lla ry  3.7* The minumum p o s s ib le  number o f  m interm s o f  
f  sh o u ld  be in te rc h a n g e d  ( r e s u l t i n g  in  th e  lo w e s t c o s t  
o f  f ) i n  such a  way t h a t  we a r e  a b le  t o  g e n e ra te  6 as 
s i z p l e s t - t h r e s h o ld  fu n c t io n .
T h is  i s  i l l u s t r a t e d  on th e  e n tro p y  c o s t  cu rv e  i n  F ig u re  
3 . 9 . a . ^  , Cg , C^ a re  th e  c o s ts  o f  y , 5 and f  fu n c t io n s  ; 
r e s p e c t iv e ly .  The t o t a l  c o s t  o f  t h i s  deco m p o sitio n  w i l l  b e :
. . . 3 . 6
^ t o t a l  “  ^  ^6  + ( c o s t  o f  tw o -in p u t exclusive-O R )
As a  r e s u l t  i t  i s  n o rm a lly  e x p ec ted  t h a t :
^ t o t a l  ^  ^ f
f o r  th e  m in te rm -in te rch a n g e  d e s ig n  te c h n iq u e .I n  g e n e ra l ,f ro m  th e  - 
e n tro p y  c o s t  curve,w e can  see  t h a t  t h i s  d eco m p o sitio n  w ould be 
u s e f u l  when f  i s  c lo s e  to  th e  c e n tr e  o f  th e  u -a x is  ,an d  h as an above 
averag e  c o s t  .F ig u re  3 .9 .a . ,b ,c  show d i f f e r e n t  t o t a l  c o s t  exam ples f o r
d i f f e r e n t l y  d i s t r i b u t e d  fu n c tio n s  on th e  e n tro p y  c u rv e .
I t  i s  im p o rtan t tfa- n o te  t h a t  we alw ays u se  th e  l e f t - h a n d  
s id e  o f  e n tro p y  c o s t  c u rv e ,s in c e  i f  f  i s  on th e  r ig h t -h a n d  s id e  
















Figure 3 . 9 . a  The best situation to apply niintemi-interchange design 
technique.f is close to the centre of u-axis and has above average cost











F ig u re  3 .9 .b  f  i s  c lo se  to  th e  c e n tre  o f  u -a x is  b u t has a  low er c o s t  
th a n  a v e r a g e .C r i t ic a l  s i tu a t io n  to  make a d e c is io n  on app ly ing  















562 4 8 16 32 40 48
F igu re  3 . 9 . cr f  i s  no t c lo se  to  th e  c e n te r  o f  u -a x is  h u t has an above
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average c o s t .C r i t i c a l  s i tu a t io n  to  make a d e c is io n  on _ ap p ly ing  
m in te rm -in te rch a n g e .
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3 .2 .2 .  M in te rm -in te rch an g e  D écom position in  th e  
Spectrum  Domain
In  th e  m in te rm -in te rch a n g e  d eco m p o sitio n  p ro c e d u re ,w hich
w i l l  b e  d e s c r ib e d  in  n e x t s e c t io n ,s im p le s t  fu n c tio n s  ( 6)can  be chosen  a s
22e i t h e r  th r e s h o ld  o r  a s  Chow-unique fu n c t io n s  . I n  o u r case  we s h a l l
o n ly  u se  th r e s h o ld  fu n c t io n s .  The re a so n s  a re  f i r s t l y  t h a t  i t  has
a lre a d y  been  shown th e r e  i s  a t  l e a s t  one s im p le s t - th r e s h o ld  fu n c t io n
f o r  a  g iv e n  number o f  u - tru e -m in te rm s  ( c o r o l l a r y  3 . U ) ,and  seco n d ly  i t
i s  e a sy  to  m a n ip u la te  th r e s h o ld  and Chow-unique fu n c tio n s  i n  th e
sp ec tru m  dom ain .T his i s  b ecau se  th e s e  fu n c tio n s  a re  u n iq u e ly  d e f in e d
by t h e i r  p rim ary  group o f  ( n + l )  f i r s t - o r d e r  s p e c t r a l  c o e f f e c ie n t s ,
23 2^w hich co rre sp o n d  t o  Chow p a ra m e te rs  * .Now we can  m odify o u r  
d e s ig n  s t r u c tu r e  t o  th e  form  below  in  F ig u re  3 .1 0 .
6: s im p le s t - th r e s h o ld  
fu n c tio n  w ith  u  
tru e -m in te rm s .
Y * Changer fu n c tio n  
w ith  p o s s ib le  m in. 
number o f  
t ru e -m in te rm s .
0—
F ig u re  3 .1 0  M in te rm -in te rch an g e  decom position  w ith  s im p le s t-  
tj^esh o ld  f u n c t io n  ( 6 ) and a low c o s t  fu n c tio n  ( Y ) .
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S ince  in te rc h a n g in g  a  p a i r  o f  m interm s ( one t r u e ,  one f a l s e )  
can e f f e c t  . th e  f i r s t - o r d e r  s p e c t r a l  c o e f f e c ie n ts  o f  th e  fu n c tio n  
f  hy  -  4 ( c o r o l la r y  2 . 3 ) , we can fo rm u la te  a  minumum p o s s ib le  number 
o f  m in te rm -p a lr  in te rc h a n g e s  ( w hich we s h a l l  d en o te  by  k /2  
h e n c e fo r th )  to  f in d  th e  s im p le s t - th r e s h o ld  6 fu n c tio n .N o te  t h a t  :
— = minumum p o s s ib le  number o f  m in te rm -p a ir  in te r c h a n g e s ,
= ^  ^  f  a b s o lu te  v a lu e  o f  th e  h ig h e s t  f i r s t - o r d e r  s p e c t r a l
c o e f f e c ie n t  o f  th e  s im p le s t fu n c tio n  6^ -  j^ab so lu te  
v a lu e  o f  th e  h ig h e s t  f i r s t - o r d e r  s p e c t r a l  c o e f f e c ie n t
o f  f0} . . . 3 . 7
I f  th e  e x p re s s io n  in  th e  b ra c e  i s  z e ro  th e n  we can  choose 
th e  second  h ig h e s t  s p e c t r a l  c o e f f e c ie n t s .
L e t us c o n s id e r , in  more d e t a i l ,T ^ a t  i s  m eant by  "minumum 
p o s s ib le  number o f  m in te rm -p a ir  in te rc h a n g e s " .  The k /2  v a lu e  
o b ta in e d  from  e q u a tio n  3 .7  may n o t be  ad eq u a te  t o  g e n e ra te  a  s im p le s t -  
th r e s h o ld  fu n c t io n  6 .F o r example l e t  u s  ta k e  th e  fu n c t io n  f  in  
F ig u re  3 .1 1 .
XiX1^2











f i r s t - o r d e r  s p e c t r a l  c o e f f e c ie n ts  o f  f :
( 6  2 2 2 )
f i r s t - o r d e r  s p e c t r a l  c o e f f e c ie n ts  o f  St
(10 6 2 2)
F ig u re  3 .11  An exas^ile f o r  ( k /2 ) = l  minumum p o s s ib le  n tm ber o f  minterm r 
p a i r  ,b u t in a d e q u a te  t o  g e n e ra te  th e  s i r ^ l e s t - t h r e s h o l d  fu n c t io n  6
75
We f in d  (k /2 ) = l  by e q n a tio n 3 .T » th a t i s  ve need to  change a t  
l e a s t  one m in te rm .p a ir  to  o b ta in  th e  s im p le s t^ h r e s h o ld  fu n c tio n .T h is  
p a i r  may be th e  in te rc h a n g e  o f  tru e -m in te rm  mj^  w ith  one o f  th e  m^Q,m^,m^2 
m^ 2 f a l s e  m interm s .Eowever none o f  th e  rep lacem en ts  g iv e s  a  s im p le s t-  
t h r e s h o ld  f u n c t io n .I n  t h i s  c a se  we s h a l l  need to  add a n o th e r  s te p  to  th e
d e s ig n  p ro ced u re ,w h ich  w i l l  be ex p la ined jfnex t s e c t io n .T h a t  i s  why we
d e f in e d  k /2  as th e  minumum p o s s ib le  number o f  m in te rm -p a ir  in te rc h a n g e .
3 .2 .3 .  D esign P rocedure
F or a  g iv en  (u ) number o f  tru e -m in te rm s , th e  s im p le s t-  
th r e s h o ld  fu n c tio n s  a re  in v a r ia n t  u n d er N P (n e g a tio n ,p e rm u ta tio n )  
m a n ip u la tio n s ( c o r o l la r y  3 .2 )  .So we a re  c o n fro n te d  w i th . th e  problem  
o f  choosing  th e  s im p le s t- th r e s h o ld  6 among a  NP s im p le s t - th r e s h o ld  
c la s s  o f  fu n c tio n s  which g iv es  th e  fu n c tio n  ' f  w ith  k minimum p o s s ib le  
number o f  t r u e  m int erm when ex c lu s  ive-OR ^ed by f (x ) ;S e e  F ig u re  3 .1 0 . In  
o rd e r  to  de term ine  th e  6 fu n c tio n  which obeys th e  r u le  m entioned  in  
c o r o l la r y  3 .7 .  com parison betw een th e  f i r s t - o r d e r  c o e f f e c ie n ts  o f  8 
and f '  , and changing  th e  s ig n s  and th e  p o s i t io n s  ( RP m a n ip u la tio n )o f  
th e  f i r s t - o r d e r  s p e c t r a l  c o e f f i c i e n t s  o f  5 to  c o in c id e  w ith  th e  
f i r s t - o r d e r  s p e c t r a l  c o e f f i c i e n t s  o f  f  co u ld  be su g g es ted .B u t a  c o u n te r  
exam ple w i l l  be  g iv en  which p roves t h a t  i t  i s  n o t p o s s ib le  t o  p r e d ic t  
w h e th er th e  number o f  tru e -m in te rm s  o f  T w i l l  be  k  minumum p o s s ib le  
o r  n o t ,u n le s s  th e  e x c lu s iv e -o r  o p e ra tio n  betw een a l l  p o s s ib le  m e t e r s  
o f  RP c la s s  o f  8 and f  a re  e x ecu ted .
Example 3.U L e t us ta k e  th e  fu n c tio n  f  in  F ig u re  3 .1 2 .a 
w hich h as s ix  tru e -m in te im s  ( u=6 ) .  The f i r s t - o r d e r  s p e c t r a l  c o e f f i c i e n t s  
o f  f  a re  ( U 0 0 0) and th o s e  o f  th e  s im p le s t- th r e s h o ld  fu n c tio n
8 [8  = x^( Xg + x^) w ith  u=6 3  a re (  12 k  U 0) w r i t t e n  in
th e  o rd e r  su c c e ss iv e ly .T h e  minumum p o s s ib le  number o f
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(a )  g iv en  fu n c t io n  f
\ X i ^2
00 01 11 10
X ^ X A
X2
00 01 11 10
3 4 
00 1
3 4  ^
00 1 1 1
=









8 = u = 6 
Y
=
(12  k k 0 )
C b) 5  ch osen  by  com parison  w ith  f ,a n d  th e  r e l a t e d  y fu n c tio n
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\ X , X 2
x . x \ 01 11
\ X l % 2  
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3  4 
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0 0 1
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11 1 1 11
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8 = ^3  ) 
( 1 2  - 4  k 0 )
u  ,= 1; 
Y‘
Cc) 8 g e n e ra te d  b y  N eg a tio n  m a n ip u la tio n  on 8, and r e l a t e d  y fu n c t io n
F ig u re  3 .1 2  A c o u n te r  exam ple t o  show t h a t  NP m a n ip u la tio n  on 
th e  f i r s t - o r d e r  s p e c t r a l  c o e f f e c ie n t s  o f  s im p le s t - th r e s h o ld  
fu n c t io n  5 t o  c o in c id e  w ith  th e  f i r s t - o r d e r  s p e c t r a l  c o e f f e c ie n t s  
o f  f  would n o t  n e c e s s a r ly  g iv e  th e  y f u n c t io n  w ith  minumum 
p o s s ib le  number o f  t ru e -m in te rm s .
m in te rm -in te rc h a n g e  p a i r s  k /2  i s  e q u a l to  = 2 ( e q u a tio n  3 . 7 ) .
T hat i s  y  sh o u ld  have a t  l e a s t  fo u r  t ru e -m in te rm s . A f te r  com paring 
th e  8 and  f  s p e c t r a  7 p o s s ib le  to  choose S a s  in  F ig u re
3 .1 2 .b .T h is  S g iv e s  y w ith  u^ = 6 tru e -m in te rm s  which i s  more th a n  
k  = i; minumum p o s s ib le  tru e -m in te rm s  .However th e  S* , d e term ined  by 
Xg 4-» Xg N egation  o p e ra t io n  on S  , g iv e s  Y w ith  uy = U t r u e —m in te rm s .
T hat i s  y has th e  minumum p o s s ib le  number o f  tru e -m in te rm s  k = 4 .
C le a r ly  we have found d i f f e r e n t  numbers o f  tru e -m in te rm s
^  t( u  , U / ) i n IÏ fu n c t io n s  ( i . e .  compare y , y )>/hen we perfo rm  N 
Y Y ^
m a n ip u la tio n  on th e  8 fu n c tio n  .B ecause o f  t h i s  d i f f u c u l t y  o f  p r e d ic t in g  
th e  8 w hich g iv e s  k  minumum p o s s ib le  number o f  t r u e -  m interm s in  y 
an a l t e r n a t i v e  ap p ro ach  em ploying e q u a tio n  2 . 2 3  w i l l  be e x p lo re d . .
L e t us fo l lo w  t h i s  p r e f e r e d  m in te rm -in te rc h a n g e  d eco m p o sitio n  
p ro c e d u re  s te p  by s te p :
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The n o ta t io n s  w hich a re  to  h e  u sed  in  t h i s  p ro ced u re  a r e ;  
f :  B oolean  fu n c t io n  to  he  d esig n ed  
n: number o f  v a r ia b le s  
u : number o f  tru e -m in te rm s  o f  f .
5 : S im p le s t - th r e s h o ld  f u n c t io n ,w i th  u  t ru e -m in t  erms in th e
fbrm  g iv e n  in ;A n p eh d iz  Am.
*
6: S im p le s t- th r e s h o ld  fu n c tio n  w hich i s  o b ta in e d  from  8 by NP
m a n ip u la t io n s . 8 i s  to  be  u sed  in  thefineO . c i r c u i t .
(c )S ; C an o n ica l f i r s t - o r d e r  s p e c t r a l  c o e f f e c ie n ts  o f  8 which 
-V.* .
h a s  th e  same form g iv e n  in  Appendix A
8^ : f i r s t f ^ r d e ?  's p e c tr s i l ._ c o e f f e c ie n ts  o f  f
(c )S^ : C an o n ica l form  o f  S^
4 * [\ •
k  : minumum p o s s ib le  number o f  tru e -m in te rm s  i n  y
I  ; number o f  p o s s ib le  f a i s  e -m in t erms t o  be in te rc h a n g e d  by
k  number o f  tru e -m in te rm s  in  f .
s t e p  1
n—1 —I f  u  > 2 th e n  we s h a l l  d e s ig n  f  , t h a t  i s  we a re  on th e
l e f t - h a l f - s i d e  o f  e n tro p y  c o s t  c u rv e . For u  ^  2^ ^  d e s ig n  f .
S te p  2
F in d  th e  f i r s t - o r d e r  c a n o n ic a l s p e c t r a l  c o e f f e c ie n ts  o f  th e  
B oolean fu n c t io n  f . C a lc u la te
f
k  \  . . . 3 . 8
2 "  — 5—
I f  k /2  = 0 th e n  we compare second h ig h e s t  s p e c t r a l  c o e f f e c ie n ts  o f  8 
and  f  t o  d e c id e  th e  minumum p o s s ib le  number o f  m in te rm -in te rch a n g e
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p a i r s .  Say i  t h  c a n o n ic a l s p e c t r a l  c o e f f e c ie n t  o f  f  g iv e s  k /2
f  ( c )v a lu e ,w hich i s  n o n -z e ro . R. c o rre sp o n d  to  R^ i n  c a n o n ic a l form  o f  8^ ,
T here  a re  two c a s e s :
2 . a )  I f  R? <  0 ‘
in c re a s e  th e  R? v a lu e  up to  th e  R^ v a lu e  o f  ^  , by in te rc h a n g in g
*
( k /2  ) tru e -m in te rm s  in  = 1 space  w ith  f a i s  e -m in t erms in  x^ = 0 
s p a c e . These tru e -m in te rm s  can  be found  by  exam ining th e  tru e -m in te rm s  
w hich have ” 1 " i n  i  t h  b i t  p o s i t i o n s .
2 .b ) I f  >  0
R eplace th e  x^ = 0 sp ace  by  th e  x^ = 1 sp ace  and v ic e  v e r s a ,a n d  ” 1 "
in  t h e  i  t h  b i t  p o s i t io n s  by " 0 ” i n  th e  i  t h  b i t  p o s i t io n s .
fI n  th e  c a se  R. = 0  e i t h e r  o f  th e  two m ethods .a s s o c ia te d  w ith  
1
c a se s  a ,b  above may be  em ployed.
D e f in i t io n  3 .2  True -m in t erm column m a tr ix  : sum o f  th e  column 
m a tr ic e s  co rre sp o n d  to  tru e -m in te rm s  . i n  <’1 , - 1 ^  domain 
w hich a r e  t o  be in te rc h a n g e d  ( see  e q u a tio n  2 .2 3  ) ,  i . e .
k /2
O rder o f  ^  i s  n x l ,
S tep s  1 and 2 f o r  th e  fu n c t io n  in  F ig u re  3 .1 2  a re  as  fo llo w s  
u=6 ^  2^ ^  =8
2 k  4
R£= 4 > 0
The two tru e -m in te rm s  i n  Xj^=0 space  a re  m^( 0 0 0 l )  and m^( 0 1 0  0 )







S tep  3
3 . a ) I f  R f< 0
F in d  th e  p o s s ib le  fa ls e -m in te rm s  t o  be  in te rc h a n g e d  in  x^=0 sp a c e . The 
number o f  th e s e  p o s s ib le  fa ls e -m in te rm s  i s
I  = u- I  ) . . . 3 . 9
We can  d e te rm in e  th e s e  fa ls e -m in te rm s  by  s e a rc h in g  f o r  th e  f a l s e -
m interm s w hich have ” 0 in  i  t h  b i t  p o s i t io n s .
3 . b )  I f  R ? > 0
R ep lace  =0 sp ace  by  x ^= l space  and ”0” i n  th e  i  t h  p o s i t io n  by ”1 ” 
in  i  t h  p o s i t i o n s .
D e f in i t io n  3 .3  F a lse -m in te rm  m a tr ix  Q ; Composed o f  th e  
columns w hich c o rre sp o n d  to  th e  i  number o f  p o s s ib le  
fa ls e -m in te rm s  to  be in te rc h a n g e d .T h is  m a tr ix  i s  i n  th e  
< 1 , - 1 >  domain w ith  n  x o r d e r .
For th e  p re v io u s  exam ple :
R^ = U > 0
t  = 2^ ^ - ( 6 -2 )  =8-U = k 
I  number o f  p o s s ib le  fa ls e -m in te rm s  in  x^= l space a re  m^- ( l  0 0 l )  
in^Q=(l 0 0 1 ) ,  m^2 = ( 1 1 0 0 ) ,  m^  ^ =( 1 1 0 1  ).
Now,we can w r i te  th e  fa ls e -m in te rm  m a tr ix  Q
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. «9 «L0 «12 «13
-1 -1 -1 -1
1 1 -1 -1
1 -1 1 1
-1 1 1 -1
S tep  U
D e f in i t io n  3 .^  Com bination m a tr ix  C, : 2 x 1 o rd e r  columnd
m a tr ix  w hich h as k /2  number o f  "1" e n t r i e s  and ( i  -  — ) 
number o f  ”0 ” e n t r i e s .
Number o f  such  m a tr ic e s  i s \
I  A*
d * ( ) =  ^
k /2  (A -  #  )! ( #  )!
. . . 3.10
2 /. X 2
F or example .^1 1 0 o j  ^ and j^l 0 1 " a r e  two co m bina tion  m a tr ic e s
w ith  A - h  , (k /2 )  =2.
U sing e q u a tio n  2 .2 3
k /2
i = i
=  S j  +  2 X - 2 Q C .
Oj   ^  ^
Now e v a lu a tin g  th e  e q u a tio n  3 .1 1  f o r  ev ery  ^  m a tr ix  u n t i l  we f in d  th e
same c a n o n ic a l s p e c t r a l  c o e f f e c ie n ts  ( ^^^ ) w ith  th e  s im p le s t - th r e s h o ld
a.
f u n c t io n s  ,we would be a b le  to  d ec id e  th e  e x a c t t r u e  and f a l s e  m interm s 
to  be in te rc h a n g e d  in  o rd e r  to  co n firm  th e  r u le  s t a t e d  in  c o ro l la ry 3 .T .  
The p o s i t io n s  o f  ”1 ” e n t r i e s  in  t h i s  p a r t i c u l a r  m a tr ix  d e f in e s  th e
columns o f  fa lse -m in te rm s  t h a t  we ch o o se , i . e .  y i s  d e te rm in ed  bÿ 
s te p  U.
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s te p  5
S ince th e  c a n o n ic a l s p e c t r a l  c o e f f e c ie n ts  o f  b o th 8 and f  
a re  equal-,NP m an ip u la tio n s  on s in rp le s t - th re s h o ld  f u n c t io n  8 can  be 
employed i n  such a  way t h a t  spectrum  o f  8 becomes e x a c t ly  eq u a l to  
in c lu d in g  th e  s ig n s  and th e  p o s i t io n s  o f  s p e c t r a l  c o e f f e c ie n ts  » So 
th e  8 , s a t i s f y i n g  o u r  p u r p o s e , is  d e f in e d .
Example 3 .5  D esign th e  fu n c tio n  f  g iv en  i n  F ig u re  3 .1 3 .
/ 2 X3
0 0 0 1 11 1 0 1 0 1 1 0 1 00





11 1 1 1 f *
10 1 1 1
”10
'1 1
F ig u re  3 .1 3  An example f o r  m in te rm -in te rch a n g e  d e s ig n
S tep  1
u*  I k n=5
s in c e  li^ ^  2^ ^  = 2^ = I 6 ,we w i l l  d e s ig n  f .
S tep  2
Spectrum  o f  f
C anon ical form  o f  S
Spectrum  o f  s im p le s t- th re s h o ld S  : ^ = [2 8  k 4 k 0 ^
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f  ^C :o rrespend ing  s p e c t r a l  v a lu e  R£ = -20  \  0 
(k /2 )  = 2 t ru e -m in t  erms in  = 1 space a re
m^^= f  1 0 0 1 i j  and m^^ = £ l  0 1 0 ^
T ru e-m in t erm m a tr ix  X ;
«19 K21
k /2




1 + -1 0
-1 1 0
-1 -1 -2
S tep  3
f = -20  < 0
A = 2n—1 - (  u  -  ^  ) = - (  14 -2  ) = 16 -  12 = 4
A = 4 number o f  p o s s ib le  fa lse -m in te rm s  in  x^= 0 sp ace  a re  
m^ = ( 0 0 0 1 1 ) = ( 0 0 1 0 1 ) , m^ = ( 0 1 0 0 0 )
( 0 1 0 1 0 )  
F a lse -m in te rm  m a tr ix  Q:
«3 "a ”io
1 1 1 1
1 1 —1 —1
Q = 1 -1 1 1
-1 1 1 -1
-1 -1 1 1
S tep  4
d . ( )■k/2/
4




4 + 2 0 4
0 0 0
_ 4 _ -2 0
-24 
0
















0 mg = 4
0 ^0 0
4
R ep e a tin g  t h i s  c a lc u la t io n  f o r  th e  o th e r  f iv e  ,we o b ta in  d i f f e r e n t
S , a s  fo llo w s  :. d
Cg = [ l 0 1 ( ^ *  S g =  [-28 0 0 0 oj*
«V»
= [ l  0 0 i j
p  - I t
= 10 1 1 0^ ^
9 = [ °  
6 = [ °
1 0  1 
o i l
8. = [ -28 0 0 4 Ô]
i t-28 0 4 4 d
-28 0 4 0 o)^
=  ^-28 4 0 0-4
Exam ining th e  8 , s p e c t r a  ,we f in d  th e  8 = 8 .  co rre sp o n d in g  t o  
<V 'v* 'v
= 1^ 1 1 0 oj. Then th e  fa ls e -m in te rm s  to  be in te rc h a n g e d  a re  m^
and ny We a lre a d y  found th e  t ru e -m in t  erms t o  b e  in te rch an g ed ^  ^m^^ ^
a t  s te p  2 .The o th e r  C_,C.,CL,C_,Cg do n o t g iv e  any 8 ,  w hich i s
c a n o n ic a l ly  eq u al t o  8  ^ . T h e re fo re  th e  un iq u e  y fu n c tio n  f o r  t h i s
example i s  as in  F ig u re  3 .1 4 .
S te p  5
8_ = -28 -4 4
 ^ r
^  I  = I 28 4 4
0 4]"=
4 o]*




= ^28  -4  4 0 4 I  * 6 = z ^ (
Hence S i s  d e te rm in e d . The r e a l i s a t i o n  i s  in  F ig u re  3 .15  h e lcw . 
X2 X3
x \ 0 0 0 1 11 1 0






Xi _  Xl
Y = Zg ^5 ( =^ 3 + ^ 3  )
F ig u re  3 .1 4  Minumum number o f  t ru e -m in t  erm t  fu n c t io n  to  
g e n e ra te  th e  s i n ç l e s t  fu n c t io n  8 o u t o f  f  by  m in te rm -in te rch a n g e .
f







F ig u re  3 .1 6  C onven tional tw o - le v e l r e a l i s a t i o n  o f  th e  fu n c tio n  
f  hy u s in g  ^uine-M cClusky te c h n iq u e .
Ve cem now compare t h i s  m in te rm -in te rchange  r e a l i s a t i o n  w ith  
th e  co n v en tio n a l tw o -le v e l r e a l i s a t i o n  shown in  F ig u re  3 .16  ab o ve:the  
form er r e a l i s a t i o n  c o s t :  3 tw o -in p u t AND g a te s ,2 tw o -in p u t OR gates- and 
2 tw o -in p u t e x c lu s iv e  Or g a t e s , d e l a y ; The la t te r ,c o n v e n t io n a l ,  
r e a l i s a t i o n  c o s t : i t  th r e e —in p u t AND g a te s ,1 fo u r  in p u t AND g a te ,2 f i v e -  
in p u t AND g a te s  and 1 seven in p u t OR g a te .D e lay  2 .The NOT g a te s  a re  no t 
tak en  in to  a c c o u n t,b u t would be th re e  fo r  F ig u re  3.15 r e a l i s a t io n ,a n d  
fo u r te e n  f o r  F ig u re  3 .16  r e a l i s a t i o n .
87
3 .3  Combining M in te rm -in te rch an g e  and S p e c tr a l  T r a n s la t io n  
Methods
3*3 .1  Com parison o f  M in te rm -in te rch an g e  and S p e c tr a l  
T r a n s la t io n
7In  1975 i t  was shown t h a t ,u s i n g  s p e c t r a l  t r a n s l a t i o n ,  
i t  i s  p o s s ib le  to  g e n e ra te  a  new fu n c t io n  from  th e  spec trum  o f  a  g iv e n  
fu n c t io n  in  su ch  a  way t h a t  b o th  s p e c t r a  have th e  same s p e c t r a l  
c o e f f e c ie n t  v a lu è s  b u t  i n  d i f f e r e n t  p o s i t io n s  a n d /o r  s ig n s  ( see  
C h ap ter l .U )  T h is  s p e c t r a l  t r a n s l a t i o n  h as  a ls o  been  im plem ented f o r  
B oolean fu n c t io n  r e a l i s a t i o n  by  ex c lu s  ive-OR g a te s  in  th e  form  in  
F ig u re  3 .1 7 .
0
New
• g e n e ra te d r
— fu n c tio n T
F ig u re  3 .1 7  S p e c tr a l  t r a n s l a t i o n  c i r c u i t  s t r u c tu r e
Some o f  th e  p r o p e r t i e s  o f  s p e c t r a l  t r a n s l a t i o n  a re 7 , 23
i )  The R^ ,w hich d e te rm in es  th e  number -of tru e -m in te rm s  (o r  f a l s e )  
in  th e  f u n c t io n , i s  n o t changed by t h i s  t r a n s l a t i o n .
i i )  T r a n s la t io n  o f  th e  a d ja c e n t-o rd e r  c o e f f e c ie n ts  co rre sp o n d  to  
R a n g in g  h a l f  o f  th e  m in t erm p o s i t io n s  ( t r u e  o r  f a l s e  o r  b o th ) .  Only 
c e r t a i n  m in te rm -in te rc h a n g e s  a re  a llo w ed  u n d e r t h i s  t r a n s l a t i o n .  In  
Appendix E -, a l l  second  o rd e r  s p e c t r a l  t r a n s l a t i o n s  a r e  g iv en  f o r  f o u r -  
v a r ia b le  f u n c t io n s .
i i i )  When th e  s p e c t r a l  t r a n s l a t i o n  te c h n iq u e  i s  u sed  f o r  d e s ig n  
p u rp o s e s , i f  two a d ja c e n t- o r d e r  s p e c t r a l  c o e f f e c ie n ts  a re  in te rc h a n g e d  
th e n  th e  c i r c u i t  s t r u c tu r e  w i l l  be as in  F ig u re  3 .1 7  save t h a t  th e
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ex clusive-O R  g a te  w i l l  have o n ly  two in p u ts ,
iv )  A new fu n c t io n  ,w ith  s p e c t r a l  c o e f f e c ie n t  v a lu e s  which do n o t 
e x i s t  i n  th e  o r i g i n e l  fu n c t io n  sp ec tru m ,c a n n o t he g e n e ra te d  hy  s p e c t r a l  
t r a n s l a t i o n  te c h n iq u e s ,  i . e ,  th e  s p e c t r a  o f  b o th  fu n c t io n s  w i l l  be th e  
same e x c e p tin g  th e  p o s i t io n s  and s ig n s
L e t us compare th e  p r o p e r t i e s  o f  m in te rm -in te rch a n g e  below
w ith  th o s e  o f  s p e c t r a l  t r a n s l a t i o n  ab o v e .
i )  R^ does n o t change , i , e ,  number o f  tru e -m in te rm s  u  i s  th e  same
u n d er t h i s  o p e r a t io n .
i i )  In te rc h a n g e d  m interm s a re  n o t l im i te d .T h a t  i s  any two m interm s
can be changed.The in te rc h a n g e  o f  a  t r u e  and f a l s e  m in t erm e f f e c t s  h a l f
o f  th e  s p e c t r a l  c o e f f e c ie n ts  *
i i i )  In te rc h a n g in g  a  p a i r  o f  E am m ing-distance one m interm s ( one
f a l s e ,o n e  t r u e  ) r e s u l t s  in  a  n -1  in p u t AND g a te , tw o - in p u t  e x c lu s iv e
OR g a te ,a n d  th e  new fu n c t io n  when a  m in te rm -in te rch a n g e  d e s ig n  i s  ,
c o n s id e re d . I n  th e  w o rs t c a se  th e  n -1  in p u t AND g a te  i s  r e p la c e d  by
two n - in p u t  AND g a te s .
iv )  I t  i s  p o s s ib le  t o  c r e a te  s p e c t r a l  c o e f f e c ie n t s  w hich do n o t
e x i s t  in  th e  o r i g i n a l  f u n c t io n  spectrum .
3 .3 .2  P ro ced u res  f o r  Combined m ethods
S p e c tr a l  t r a n s l a t i o n  i s  more u s e f u l  th e n  m in te rm -in te rch a n g e
* 7when th e  fu n c tio n  i s  s im p le s t  em b ed ded-th resho ld  b ecau se  in  t h i s  
c ase  i t  i s  p o s s ib le  to  o b ta in  th e  s im p le s t - th r e s h o ld  fu n c tio n  by  i n t e r ­
chang ing  more th a n  one m in t erm p a i r  a t  a  tim e  by  em ploying e x c lu s  i v e -  
OR gates.H ow ever th e  s im p le s t - th r e s h o ld  fu n c tio n  canno t be  g e n e ra te d  by  
s p e c t r a l  t r a n s l a t i o n  when th e  o r ig i n a l  fu n c tio n  spectrum  does n o t c o n ta in
*
F o r d e f in i t i o n  and fu r th e r  d e t a i l s  see  C h ap ter l .U .
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a l l  th e  f i r s t - o r d e r  s p e c t r a l  c o e f f e c ie n t s  o f  5 .T h e re fo re  in  th e s e  case s  
m in te rm -in te rch a n g e  o p e ra t io n  i s  e s s e n t i a l .
Exajnple 3 .6  A s im p le s t-e m b e d d e d -th re sh o ld  fu n c t io n  i s  g iven  
in  F ig u re  3 .1 6 .a  By s p e c t r a l  t r a n s l a t i o n  we can  r e a l i s e  th e
fu n c tio n  f  a s  in  F ig u re  3 .1 8 .b . I f  we u sed  th e  m in te rm -in te rch a n g e  ■-* 
te c h n iq u e , th e  c i r c u i t  would be as  in  F ig u re  3 . l8 .c .T h u s f o r  t h i s  
p a r t i c u l a r  f u n c t io n  r e a l i s a t i o n  s p e c t r a l  t r a n s l a t i o n  i s  p r e f e r a b le .
sp ec tru m  o f  f  ;
2
R R,1  “ 2 ‘‘3 I ^12
2 - 2 - 2  2 j 2 È lU
^23 ^24 ^ 314. \ 2 3  ^ 2 k  ^13^^ ^23^^ ^ 2 3 ^  
-2  -2  -2  -2  -2  2 2 2
X1X2
x \  « « 01 11 104





(a )  g iv en  f u n c t io n  f
r
I
- I  n









(b) S p ec tra l t r a n s la t io n  d esign  o f  th e  fu n ctio n  f .
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X«xx
(c ) M in te rm -in te rch an g e  d e s ig n  o f  th e  fu n c t io n  f .
F ig u re  3 .1 8 -  Two d i f f e r e n t  r e a l i s a t i o n ;  one s p e c t r a l  t r a n s l a t i o n  
(h ) and th e  o th e r  m in te rm - î^ te rch an g e ( c ) f o r  th e  same fu n c t io n  f .
Example 3 .7  F o r th e  fu n c tio n  g iv en  in  F ig u re  3 .19  , ve  can 
n o t g e n e ra te  th e  s im p le s t - th r e s h o ld  f u n c t io n  hy s p e c t r a l  t r a n s l a t i o n ,
h u t  m in te rm -in te rch a n g e  g iv e s  a  v e ry  s im p le  r e a l i s a t i o n  ( F ig u re  3.19."b)
XiX1^2
x \ 00 01 11 104
00 1 1
01 1 1





Figure 3 .19  An example which shows m interm -interchange adventage
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Since one o f the methods has advantages oyer the other  
according to  the given  fu n ction ,b y  appropriately  combining th ese  two 
methods we may arriv e  at an optim al rea lisa tio n .T h ere  are two p o ss ib le  
ways o f  combining th ese  approaches, namely;
1) F ir s t  sp e c tra l tr a n s la tio n  and then minterm-interchange
2) F ir s t  minterm -interchange and then sp ectra l tr a n s la t io n . 
Both combinations have the c ir c u it  stru ctu re  shown in  Figure 3 .2 0 .
r
0




tr a n s la tio n ’’
w ith  
minumum 






Figure 3,20 C ircu it structures o f  the two combined techniques
I f  th e  f ir s t -o r d e r  sp ectra l c o e ffe c ie n ts  o f  f  are 
a) a l l  zero
or b) k number o f  p o ss ib le  true-m int erms in  y i s  a reasonable 
high value when compared with u
then applying sp e c tra l tr a n s la tio n  f i r s t  would be u se fu l.T h is  i s
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k  >  r
b e ca u se  by u s in g  th e  s p e c t r a l  t r a n s l a t i o n  we can g e n e ra te  h ig h -v a lu e -  
f i r s t - o r d e r  s p e c t r a l  c o e f f e c ie n t s  w hich re d u c es  th e  v a lu e  o f  k  f o r  
o u r  m in te rm -in te rch a n g e  d e s ig n  p u rp o s e .T h e re fo re ,th e  r e l a t io n s h ip
. . . 3 . 1 2
h a s  b een  chosen  as  a  c r i t e r i o n  f o r  th e  sequence o f  th e  methods .T hat i s  
i f  k  ^  (u /2 )  we choose s p e c t r a l  t r a n s l a t i o n  f i r s t  ( p e rh ap s  re p e a te d  
u n t i l  k  ^  (u /2 )  ) and th e n  m in t e rm -in te rc h a n g e . The ' example below  
i l l u s t r a t e s  such  a  c a s e .
Example 3 .8  F o r th e  f u n c t io n  in  F ig u re  3 .2 1  th e  p o s s ib le
l 6 — -6  and s a t i s f i e s  th e
Eg s p e c t r a l  t r a n s l a t i o n  g iv e s
number o f  tru e -m in te rm s  in  T i s  k  = 2 . 
c r i t e r i o n  i . e .  k=6 ^  ^  = 2 .
I .
fu n c t io n  f  ( F ig u re  3.21 .b ) .T h e n  by th e  m in te rm -in te rch a n g e
we o b ta in  th e  c i r c u i t  i n  f ig u r e  3.21.C.  The c o n v e n tio n a l tw o - le v e l  














Spectrum  o f  f : ^2 ^3 \ 2 ^ 3
0 0 k 0 0 -u 0 0
^23 ^21. ^123 ^ 2 U  ^3l4- ^234 ^ 2 3 4
k 12 0 -U k 0 -4 k




00 01 11 10
00 1 1
01 1 ' f
11 1 1
10 1 1
(Td) A p p lic a t io n  o f  s p e c t r a l  t r a n s l a t i o n  to  f .
1^3^4







(d) C o n v en tio n a l tw o - le v e l  d e s ig n  o f  th e  fu n c t io n  f . 
F ig u re  3.21 An exam ple which shows th e  com bined method o f  s p e c t r a l
t r a n s l a t i o n  and  m in te rm -in te rch a n g e
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Now we s h a l l  c o n s id e r  a n o th e r  combined tech n iq u e  .A t th e  
f o u r th  s te p  o f  th e  p ro c e d u re  d e s c r ib e d  in  3 .2 .3  we may n o t f in d  any
w hich i s  e q u a l t o  S - , a f t e r  t r y i n g  { ) number o f  p o s s ib le
^  Ô \  k /2  /
C. co m b in a tio n  m a tr ic e s  . I n  t h i s  c a se  k /2  minumum p o ss ib le -m in te rm
'Vr
- p a i r - in te r c h a n g e  i s  n o t ad eq u a te  t o  o b ta in  th e  s im p le s t - th r e s h o ld  
fu n c t io n  sp ec tru m  ,b u t  i t  m igh t be  ad eq u a te  to  o b ta in  a  s im p le s t -  
em b ed d ed -th resh o ld  f u n c t io n  t o  w hich s p e c t r a l  t r a n s l a t i o n  can  be 
a p p l ie d .  A prob lem  a r i s e s  ab o u t w hich .* k /2  m in t e rm -p a ir  sh o u ld  be
in te rc h a n g e d  i n  o rd e r  t o  o b ta in  a  s im p le s t-e m b e d d e d -th re sh o ld  f u n c t io n .
w hich i s  d e f in e d  by  e q u a tio n  3 .1 3  >may b e  u sed  as  a  c r i t e r i o n : t o  
r e s o lv e  t h i s  p rob lem .
. . . 3 . 1 3
w here
8g = Canonic sp ec tru m  o f  s im p le s t - th r e s h o ld  fu n c t io n
( se e  Appendix A)
(c )S , = C an o n ica l sp ec tru m  o f  th e  m in te rm -in te rch a n g e d
'vQ-
fu n c t io n  c o rre sp o n d in g  to  p a r t i c u l a r  C, c o m b in a tio n a l
'V
m a tr ix .
The sm all v a lu e  o f  means m ost o f  th e  s p e c t r a l  c o e f f e c ie n ts  o f  
p a r t i c u l a r  and 8g a re  eq u a l.T h u s  we can choose th e  C^ o r  m in te rm -
in te rc h a n g e  p a i r s  ( i . e .  Y ) w hich co rre sp o n d  to  minumum Z^ .T hese 
p a r t i c u l a r  m in te rm -in te rc h a n g e  p a i r s  may be d e f in e  a  6 fu n c tio n  to  
which we can  ap p ly  minumum s p e c t r a l  t r a n s l a t i o n  o p e ra t io n  t o  o b ta in  th e  
s im p le s t - th r e s h o ld  f u n c t io n   ^ .The example below  i l l u s t r a t e s  such a  c a s e ,
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Example: 3 .9 .  D esign  th e  fu n c tio n  i n  F ig u re  3 .2 2  .T h is  
fu n c t io n  i s  n o t an embedded—th r e s h o ld  fu n c tio n .S o  we w i l l  ap p ly  m interm -
in te rc h a n g e  f i r s t .
X2 X3
00

















F ig u re  3 .2 2 . A f u n c t io n  t o  which s p e c t r a l  t r a n s l a t i o n  cannot 
u s e f u l ly  be a p p lie d  f i r s t  f o r  o u r deco m p o sitio n  p u rp o s e , th a t  i s  
'.k = 4 <  (u /2 )  = 5 .
S tep  1
u  = 10 , n = 5
1 0 < 2 ^  ^ = 2^ = 16 we w i l l  d e s ig n  f .
S tep  2
Spectrum  o f  f
Canonic form  o f  S^: S^'
'Vi 'Vi
Spectrum  o f .- s im p le s t- th re s h o ld
fu n c t io n  $ S
-12 0 12 e
^ f f . „ f „ f
^2 ^3










20 -  12 = 2
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The c o rre sp o n d in g  s p e c t r a l  v a lu e  in  i s  = -1 2  ^  0 , There a re  (k /2 )  
= 2 e x a c t tru e -m in te rm s  in  th e  x^ = 1 space  w hich a re ;















S tep  3
R^ = -12 < 0
I  = 2^ ^ -  ( n -  ^  ) = 2^ -  (10 -  2 )= l6 -8  = 8 .
T here a re  i  =8 fa lse -m in te rm s  in  th e  x^=0 space  w hich a r e :
m  ^ = ( 0 0 0 0 0 ) ;m^ ^  ( 0 0 0 0 l ) ; m ^ = ( 0  0 0 1 0 )
m|^  = ( 0 0 1 0 0 ) ;my = ( 0  0 1 1 1 ) ; m^ = ( 0 1 0 0 0 )
( 0 1 0 1 0  ) ( 0  1 0 1 1, ) .
The f a l s e  m a tr ix  Q th e r e f o r e  i s :
Q =











1 1 1 1 1 -1 -1 -1
1 1 1 -1 -1 1 1 1
1 1 -1 1 -1 1 -1 -1
1  --1 1 1 -1 1 1 -1
( ^ ) - ( : ) =
8! 7 .8 = 32V k /2 / - 61 21 2
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^  = S + 2 X
'U 'Vi
-1 2 - 2 —16
0 2 4
12 + 2 - 2 8
0 0 .0
_ 4 _ 0 4
None o f  32  ^ com bina tion  m a tr ic e s  g iv e s
’d
-  Sg *,th e r e f o r e  we
'Vi Oi
sh o u ld  app ly  a  combined m ethod. One o f  th e  C, which g iv e s  th e  minumum Z
i s ( O O O l l O b O ) ,  and c o rre sp o n d in g  i s  :
“ o “ l  «2 “ u «7 «8 “ lo“ u







1 1 1 1 1 1 1 1  
1 1 1 1 ‘ 1 -1 -1 -1
1 1 1 - 1 - 1 1 1 1  
1 1-1  1-1  1 - 1-1














and th e  o th e r  s p e c t r a  ,and  th e  c r i t e r i o n  d e f in e d  by  e q u a tio n  3 .13  a re  
fo llo w s ;
‘ s ’ -
20 *  20 20 20
1 2 12 12 12
4 4 Z ^  = [ l l  1 1  l ] [ 4 - 4
0 4 4 0
0 0 0 0
Now, V and 5 ,\d iic h  m ight be s im p le s t-em b e d d e d -th re sh o ld , a re  
d e te rm in ed  as in  F ig u re  3 .2 3 .a  and b .
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X jX j





T = ^2 ’' s   ^ *  *5 ^
(a )  Changer fu n c tio n  o b ta in e d  by m in te rm -in te rch a n g e .
X2 X3
X4 X X 00 01 11 10 1 0 11 01 00
00 1 1
01 1 1 1
•





(b ) The fu n c t io n  o b ta in e d  by m in te rm - in te rc h a n g e .I t  i s  n o t a  s im p le s t -  
th r e s h o ld  b u t by  s p e c t r a l  t r a n s l a t i o n  i t  can  be made so .
F ig u re  3 .2 3 . A p p lic a t io n  o f  m in te rm -in te rch a n g e  to  th e  fu n c tio n , f .
Spectrum  o f  6 i s  ;
R, R.0 I "1  "2  ‘*3
12 I -2 0  0 12
\  ^5 j ^ 2  ^ 3  ^ 4  ^ 5  ^23 ^24 ^ 2 5  
0 4 0 12 0 4 0 4 0
R34
^35 ^45 ^ 2 3  ^ 2 4  ^ 2 5  ^134 ^135 ^ l4 $  ^234 ^235-^245 ^34? ^1234
4 0 0 4 0 0 4 0 4 0  - 4 0 4
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®1235 ^ 2 U 5  ^ I3 l»5  ^2345 ^ 2 3 4 5
0 —4 0  —4 —4
f
By ^24**"^^2 t r a n s l a t i o n  on 6 we can  o b ta in  th e  f i r s t - o r d e r -
s p e c t r a l  c o e f f e c ie n t  m a tr ix  w hich i s  e q u a l to  . T h a t i s , t h e r e  w i l l
»
b e  a  tw o -in p u t e x c lu s  ive-OR g a te  i n f r o n t  o f  th e  c i r c u i t  6 .
S te p  5
f
The f i r s t - o r d e r  spec trum  o f  6 a f t e r  th e  s p e c t r a l  t r a n s l a t i o n
“in" ‘‘ ’
20 4 12
The f i r s t - o r d e r  sp ec tru m  o f  th e  s im p le s t - th r e s h o ld  fu n c tio n  and th e
c o rre sp o n d in g  6 a x e
■[ 20 12  4 4 0 6 = X2 + Ï 3 Xi^  )
N ecessa ry  NP m a n ip u la tio n s  on 6 a r e :
; X 2 _ x  ;
F ig u re  3 .24  The com bined r é a l i s a i  io n  :m in te rm -in te rc h an g e  f i r s t  and 
th e n  s p e c t r a l  t r a s l a t i o n .
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The f i n a l  s im p le s t - th r e s h o ld  fu n c t io n  i s  ;
«  =  C X 3  +  X g  )  .
The r e a l i s a t i o n s  o f  com bined m ethod and c o n v e n tio n a l 
method a re  shovn i n  F ig u re  3 »2k  and 3 .25  r e s p e c t iv e ly .
F ig u re  3 .25  C o n v en tio n a l tw o - le v e l  r e a l i s a t i o n  o f  f
The c o s t  o f  combined m ethod ; tw o -in p u t AND g a te s ,  1 two- 
in p u t OR g a te  and 3 tw o -in p u t ezc lu siv e-O R  g a te s ;d e la y  5 . The c o s t  o f  
c o n v e n tio n a l r e a l i s a t i o n ;  1 th r e e - in p u t  AND g a te ,  3 fo u r - in p u t  AND,and 
3 f iv e - in p u t  AND g a te s  and 1 s e v e n - in p u t OR g a te ;d e la y  2 . NOT g a te s  
were n o t ta k e n  in to  a c c o u n t.
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A flo w  c h a r t  i s  g iv en  helow  f o r  m in te rm rin te rch a n g e  
r e a l i s a t i o n  m ethod and  combined m ethods o f  m in te rm -in te rch a n g e  and 
s p e c t r a l  t r a n s l a t i o n .
START J
ENTER : f  o r  f
n : number o f  v a r ia b le s  
u ; number o f  tru e -m in te im s  
f : B oolean fu n c t io n
F in d  th e  spectrum  o f  f  : S»
• jCc )and  i t s  c a n o n ic a l form
R ;m th  h ig h -v a lu e  c o e f f e c ie n t
I ^
R :m t h  h ig h  v a lu e  c o e f f e c ie n t  
in
S j :  Spectrum  o f  s im p ie s t -  
t r e s h o ld  fu n c tio n
i t  i s  a  
s im p le s t 
t r e s h o ld  
fu n c tio n
STOP
V ® m
By s p e c t r a l  
t r a n s l a t i o n  /  
f in d  a  nev f
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s e l e c t  c o rre sp o n d in g
f




^  ^  « i  = f  f  ^  2^
>t
c o n s t r u c t  Q f a  
m a tr ix  and
com bina tion  ma
Ise -m in te rm
column
t r i x
X ---9-Xm m
do NP m a n ip u la tio n
on S . and 
r e a l i s e  f .
STOP )
d = 0 
d = d + 1
-arrange i n





do sp ec t*  
t r a n s l a t i o r  
,on 6*and 




3 .^ .  C onclusion
So f a r  we have a p p lie d  m in te rm -in te rch an g e  o p e ra t io n s  
a lo n e ,a n d  a ls o  th e  com bination  o f  m in te rm -in te rch an g e  and s p e c t r a l  
t r a n s l a t i o n  o p e ra t io n s  to g e th e r , to  th e  problem  o f  co m b in a tio n a l c i r c u i t  
d e s ig n  .B a s ic a l ly  th e s e  a re  exclusive-O R  decom positions .One o f  th e  
fu n c tio n s  o f  th e  d ecom position  has been  chosen a s  a  s im p le s t- th r e s h o ld  
fu n c tio n  w ith  th e  same number o f  t r u e  (o r  f a l s e  ) m interm s as  th e  
o r ig i n a l  fu n c t io n  f  .The re a so n s  f o r  do ing  t h i s  a re  t h a t  f i r s t l y  th e y  
a r e  easy  t o  d e s ig n  and seco n d ly  th e y  a re  u n iv e r s a l ,namely f o r  any g iv en  
n  v a r ia b le s  and  u  t r u e - ^ n te z m s  th e  c i r c u i t s  w hich r e a l i s e  th e s e  
fu n c tio n s  a re  th e  same e x ce p tin g  NOT g a te s  and in p u t  p e rm u ta tio n s . 
Because o f  th e s e  p ro p e r t ie s  s im p le s t- th r e s h o ld  fu n c tio n s  co u ld  bë  
p roduced  as in t e g r a te d  c i r c u i t s  and u sed  as  g e n e ra l-p u rp o se  g a te s .  
T h i r d ly ,s im p le s t - th r e s h o ld  fu n c tio n s  a re  e a sy  to  d e a l  w ith  i n  th e  
spectrum  dom ain.They a re  u n iq iie ly  d e f in e d  by  th e  n+1 s p e c t r a l  
c o e f f e c ie n t8 w hich co rre sp o n d  to  th e  Chow p a ra m e te rs .
The o th e r  fu n c tio n  o f  t h i s  d e c o n ^ o s itio n  has th e  
minumum p o s s ib le  number o f  true-m in tezm s^w hich  i s  s t a t i s t i c a l l y  a  low er 
c o s t  fu n c tio n  th a n  th e  o r ig i n a l  fu n c tio n  ' a c c o rd in g  to  th e  e n tro p y -  
c o s t  curve ( see  F ig u re  3 .9  ) .
I n  g e n e r a l , f o r  th e  Boolean fu n c tio n s  lA ic h  a re  c lo s e  to  
th e  c e n t r a l  a re a  o f  th e  e n tro p y -c o s t cu rv e ,an d  have above-average  
c o s t ,  th e  p o s s i b i l i t y  t h a t  t h i s  te ch n iq u e  may g iv e  a  b e t t e r  d e s ig n  th a n  
th e  c o n v e n tio n a l d e s ig n  te c h n iq u e s  i s  h ig h  .However i f  th e  above-average  
c o s t  fu n c tio n s  have la r g e  t r u e / f a l s e  m interm  r a t i o s  ( th e y  have extrem e 
v a lu e s  o f  u  on th e  e n tro p y -c o s t curve) th e n  th e  p o s s i b i l i t y  o f  hav ing  
a  b e t t e r  r e a l i s a t i o n  by  t h i s  te ch n iq u e  i s  v e ry  lo w .T h is  r e s u l t  can 
cleeurly  be seen  from  th e  e n tro p y -c o s t curve ( see  F ig u re  3 .9 .a » b ,c ) .
lOU
A lthough th e  m interm r-intercheinge te c h n iq u e  som etim es d o e s- 
n o t g iv e  a  b e t t e r  s o lu t io n  , i t  i s  s t i l l  w orth  c o n s id e r in g  t h i s  
te c h n iq u e  as  an a l t e r n a t i v e  t o  th e  c o n v e n tio n a l d e s ig n s ,u n d er th e  
above m en tioned  c o n d i t io n s .
At th e  end o f  th e  m in te rm -in te rch a n g e  dei^gn p ro ced u re  th e r e  
may be more th a n  one y fu n c t io n s  w ith  th e  same number o f  tru e -m in te rm s  
i n  them . I n  o u r c ase  we have chosen  any one o f  th e s e  p o s s ib le  y fu n c tio n s  
fu n c t io n s  .More r e s e a rc h  i s  needed  to  choose th e  b e s t  y f u n c t io n ( s ) .
The id e a  o f  e x c lu s ive-OR deco m p o sitio n  may edso be  u s e f u l  
t o  d e s ig n  m u l t ip le - o u tp u t  B oolean  fu n c tio n s  .C o n sid e r two B oolean 
fu n c tio n s  h av in g  th e  same number o f  tru e -m in te rm s , th e n  c l e a r l y  one 
fu n c tio n  cein be g e n e ra te d  from  th e  o th e r  by a  s im p le  m in te rm -in te rch an g e  
o p e ra t io n .
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CHAPTER 4 . THE APPLICATION OP MINTERM-INTERCHANGE 
TO THE STATE ASSIC3ÎMENT PROBLEM IN 
SEQUENTIAL MACHINE DESIGN
The n o ta tio n s  we w i l l  he  u s in g  i n  t h i s  C h ap ter a re  as
fo llo w s?
. .  .3 ,^ in p u t  v a r ia b le s  ; w ; number o f  in p u t  v a r ia b le s
^1*^2****^v s t a t e  v a r i a b l e s ;  v :number o f  s t a t e  v a r ia b le s
) n e x t - s t a t e  f u n c t io n s  1 ^  i 4  v 
A ,B ,C , . . .  s t a t e s  ( alw ays shown by  c a p i t a l  l e t t e r s )
I , I I , . . .  in p u ts  ( alw ays shown by  Roman num bers)
2 number o f  s t a t e s
2 ^ number o f  in p u t  s ig n a l s
n = u + V number o f  in d ep en d en t v a r i a b le s
4 .1 .  I n t r o d u c t io n
One o f  th e  m ain and a ls o  m ost complex problem  i n  d e s ig n in g  
s e q u e n t ia l  m achines i s  ” s t a t e  assignm en t ” ,nam ely a s s ig n in g  bineury 
co d ing  t o  th e  s t a t e s , o r  som etim es to  th e  i n p u t s ,o f  a  g iv e n  s e q u e n t ia l  
m achine so t h a t  th e  n e c e s sa ry  c o m b in a tio n a l p a r t  o f  th e  d e s ig n ed  
c i r c u i t  may be  m in im a l.In  g e n e r a l , th e  s ta te -a s s ig o m e n t te c h n iq u e s  f o r  
synchronous and asynchronous s e q u e n t ia l  m achines a re  d i f f e r e n t .  F o r 
example in  asynchronous m achines problem s due to  h aza rd s  a r i s e , I n  t h i s  
t h e s i s  we w i l l  be  d e a l in g  w ith  th e  s t a t e  ass ig n m en t o f  synchronous
s e q u e n t ia l  m ach ines.
M in im isa tio n  o f  th e  c o m b in a tio n a l p a r t  o f  a  s e q u e n t ia l  machine
depends on th e  ty p e  o f  th e  memory e lem ent u sed  i n  th e  s y n t h e s i s . I f  ty p e  
D (d e la y  ) memory e lem en ts  a re  u sed  th e n  th e  m in im isa tio n  co rre sp o n d  to
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th e  s im p l i f i c a t io n  o f  th e  n e x t - s t a t e  fu n c tio n s  w hich a re  th e  inputs 
o f  th e  d e la y  ty p e  o f  memory e le m e n ts , I f  ty p e  JK ( o r  SR ) memory i s  
u se d  in s te a d  o f  d e la y  e le m e n ts ,th e n  th e  m in im isa tio n  co rresponds to  
th e  s im p l i f i c a t io n  o f  th e  J ,K  ( o r  S ,R  ) in p u t  fu n c tio n s  w hich can  he 
o b ta in e d  from  th e  n e x t s t a t e  fu n c tio n s  by  th e  d é f i n i t io n -e q u a tio n  o f  
th e s e  ty p e  o f  memory e lem en ts .
I n  th e  l i g h t  o f  th e  a b o v e ,th e  s t a t e  ass ig n m en t problem  
can  be  red u ced  t o  th e  co m p lex ity ( o r  c o s t)  concep t o f  B oolean fu n c tio n s  
u n d e r c e r t a in  c o n d it io n s  w hich a re  d e te rm in ed  by th e  d e s ig n  te c h n iq u e s  
u se d . T h is  co m p lex ity  concep t depends upon th e  s t a t e  assignm ent 
te c h n iq u e .
T here  a re  two g e n e ra l  approaches t o  th e  p roblem  o f  
f i n d in g econom ical i n t e r n a l  s t a t e  codes f o r  a  s e q u e n t ia l  m achine.E ach  
o f  th e s e  app roaches i n t e r p r è t e s  th e  com p lex ity  o f  a  B oolean fu n c tio n  
d i f f e r e n t l y  .L e t us examine th e  developm ent o f  th e s e  two g e n e ra l  
te c h n iq u e s . .
i )  th e  f i r s t  s t a t e  assignm ent approach :
4 - 5T h is  approach  was i n i t i a t e d  by H artm anis and S te a m s  *
( 1961 ) .  The fundam en tal id e a  in  t h e i r  s tu d ie s  i s  t o  f in d  m ethods 
f o r  choosing  an assignm en t i n  which each n e x t - s t a t e  fu n c t io n  depends 
on as  few s t a t e  v a r ia b le s  as p o s s ib le  .T h e ir  method r e l i e s  on th e  concep t
t h a t  th e  conq>lexity o f  a  B oolean fu n c t io n  w ith  a  red u ced  number o f  
in d ep en d en t v a r ia b le s  i s  b e t t e r  th a n  th e  one w ith  a  h ig h e r number o f  
independen t v a r ia b le s  .The main to o ls  u sed  in  t h e i r  s tu d y  a re  th e  s t a t e  
p a r t i t i o n  w ith  th e  s u b s t i t i o n  p ro p e rty  and p a r t i t i o n  p a i r  a lg e b ra  on
th e  s e t  o f  s t a t e s  o f  a  s e q u e n t ia l  m achine.
6 TC u r t is  and Karp ( 1962 ) ex ten d ed  th e  work o f  H artm anis 
and S te a m s , to  c o v e r s e q u e n t ia l  m achine s t a t e  assignm ent te c h n iq u e s
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w ith  red u ced  dependency o f  s t a t e  v a r i a b l e s ,L a t e r  Kohavi C 1964 )
p re s e n te d  a  method o f  o b ta in in g , f o r  any g iv en  m achine M,an e q u iv a le n t
M which h as  a  p a r t i t i o n  w ith  th e  s u b s t i t i o n  p ro p e r ty  o r  p e u r titio n
9p a i r s .F i n a l l y  W einer and Sm ith gave an  a lg o r ith m  b a se d  upon th e  
th e o ry  developed  b y  H artm anis and S te a m s  . I n  a l l  th e  above m entioned  
p a p e rs  o n ly  th e  d e la y  ty p e  o f  memory elem ent was c o n s id e re d .
H ow ever,in  196? H arlow  and C oates and in  1969 C u r t i s ^  
g e n e r a l iz e d  th e  known te c h n iq u e s  t o  d i f f e r e n t  ty p e  o f  memory e lem en ts 
such  a s  T ” t r i g g e r  ” and JK memory e le m e n ts .
i i )  The second  s t a t e  ass ig n m en t app roach :
So f a r  we have n o ted  th e  developm ent o f  s t a t e  assignm ent 
te c h n iq u e s  w hich a re  concerned  w ith  th e  r e d u c tio n  o f  th e  dependency 
o f  th e  s t a t e  v a r i a b le s  .Now we w i l l  rev iew  th e  second  approach  which 
was i n i t i a t e d  by A rm strong i n  I 96I .  T h is  m ethod i s  , i n  g e n e r a l ,  
b a se d  on th e  id e a  o f  in c r e a s in g  th e  o rd e r  o f  th e  p o s s ib le  m interm  
cubes by  a s s ig n in g  o p tim a l b in a r y  codes t o  th e  s t a t e s .  In  1964 
D o lo tta  and  Me d u s k e y  d ev e lo p ed  a  " s c o r in g  ” te c h n iq u e  t o  
s im p lfÿ  th e  n e x t - s t a t e  f u n c t io n s .L a te r  T om g gave a  f u r t h e r  te c h n iq u e  
b a se d  on th e  ” c o s t  o f  an e lem en ta ry  ass ig n m en t ” . F i n a l l y , i n  1972,
16S to r y ,H a rr is o n ,a n d  H einhard  dev elo p ed  an o p tim a l s t a t e  assignm ent
te c h n iq u e ,d e f in in g  th e  ” c o s t  ” o f  a  B oolean fu n c tio n  as th e  number o f  
AND , OR g a te s .  They a ls o  a p p l ie d  t h i s  a lg o r ith m  f o r  s e q u e n t ia l  m achine 
d e s ig n  w ith  JK memory e le m e n ts .
In  t h i s  t h e s i s  we w i l l  o n ly  c o n s id e r  t h i s  second s t a t e
assignm ent ap p ro ach .
4 .2  A verage C om plexity  C E n tro p y  ) o f  B oolean F u n c tio n s  
and S ta te  A ssignm ent
As was em phasized in  s e c t io n  4 .1 , th e  r o le  o f  co m p lex ity  o f  
a  B oolean fu n c tio n  h as  a  m ajor im p o rtan ce  i n  th e  s t a t e  assignm ent
I l l
problem o f seq u en tia l machine design as w ell a@ th e  design o f
co m b in a tio n a l c i r c u i t s .  R e c e n tly  a  s t a t e  assignm en t a lg o r ith m  was
g iv e n  by L a la  , f u r t h e r  i n t e r p r e t e d  by  Edwards and E r is  u s in g
th e  av erag e  e n tro p y  c o s t  d e f in e d  a c c o rd in g  to  th e  number o f  t r u e  ( o r
fa ls e )m in te rm s  in  a  B oolean f u n c t io n ,a s  d e f in e d  in  C h ap ter 3 .1 .1 .
ITA l th o u ^  L a la ’ s m ethod can be a p p lie d  e i t h e r  to  com plete 
o r  in c o m p le te  m a c h in e s ,fo r  th e  sake o f  s im p l ic i ty  we w i l l  s t a t e  hence­
f o r t h  th e  b a s ic  s te p s  f o r  com plete  m achines o n ly .  O th er assum ptions 
a re  ;
a )o n ly  d e la y  ty p e  e lem en ts  a r e  u se d ,
b) any a d d itio n a l output functions Eire not considered .
L ala* s  m ethod :
s te p  1)
By in s p e c t io n  s e l e c t  2^ ^ s t a t e s  f o r  w hich th e  t o t a l  number 
o f  ap p ea ran ces  in  th e  s t a t e  t a b l e  i s  minumum.These s t a t e s ,  w hich 
c o n s t i t u t e ,  a  ” b lo c k  ” e re  a s s ig n e d  y^= 1  and r e s t  o f  th e  s t a t e s  a re  
a s s ig n e d  y^ = 0 .  T h is  w i l l  mean t h a t  th e  n e x t - s t a t e  fu n c t io n  w i l l  
h ave  a  minumum number o f  tru e -m in te rm s  ( o r  mATiTmim number o f  f a l s e -  
mintezm s ) .
s te p  2)
R epea t s te p  1 f o r  each  b lo c k  o f  t h e  p re v io u s  p a r t i t i o n .  
C ontinue to  t h i s  o p e ra t io n  u n t i l  a  b lo c k  c o n ta in in g  a  s in g le  s t a t e  o n ly  
i s  found .A t t h i s  s ta g e  a l l  th e  s t a t e s  a r e  u n iq u e ly  d e f in e d  i . e .  cod ing  
i s  co m ple ted .
T h is  a lg o r ith m  e f f e c t i v e l y  m axim ises ( o r  m in im ises) th e  t r u e -
m interm s in  e v e ry  n e x t - s t a t e  fu n c t io n .T h is  o p e r a t io n ,  a l t  hough i t  i s  n o t
m en tioned  in  L a la* s  p a p e r ,f o r c e s  th e  n e x t - s t a t e  fu n c t io n  to w ard s  th e
idu -ex trem es  o f  th e  av erag e  e n tro p y  c o s t  cu rv e   ^ shown - shaded  in  
F ig u re  4 .1 .
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Cost
u -e r tre m eu-ex trem e
F ig u re  U .l  I n t e r p r e t a t i o n  o f  Lala'^a a lg o r ith m  on th e
c o s t  cu rve
The r e s u l t  o f  such a  d i s t r i b u t io n  i s  t h a t  n e x t - s t a t e  fu n c tio n s  w i l l  
s t a t i s t i c a l l y  be s in k ie r  th a n  th o se  w hich a re  d e term ined  by random ly 
: chosen assignm ents .T h is  method can a ls o  be  g r a p h ic a l ly  i l l u s t r a t e d  
by a b in a ry  tre e *
Example l t , l  Apply L a la '.s  a lg o r ith m  to  th e  m achine in  F ig u re  
U .2 .a . A b in a ry  t r e e  i s  e s ta b l i s h e d  as in  F ig u re  k .2 .b .T h e  numbers 
u n d e rn ea th  th e  each s t a t e  show th e  number o f  tim es o f  appearance  o f  
th e  r e s p e c t iv e  s t a t e s  in  th e  s t a t e  t a b l e .  The c o n s tru c t io n  o f  th e  
b in a ry  t r e e  f o r  t h i s  example i s  as folow s :
s te p  l )  L et us choose 2^* ^  = 2^ ^ = 4 number o f  s t a t e s  ou t o f  
2^ = 2^ = 8 t o t a l  number o f  s t a t e s  as ( E F G H ) .The t o t a l  number o f
appearances o f  th e se  s t a t e s  i n  th e  s t a t e  t a b l e  i s  1;,w hich i s  a
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T o ta l  number o f  tim e s  
o f  ap p ea ran ces  o f  th e  
s t a t e s  : I II m IV
10 ___ ..........A D D C C
1 ___ ..........E C C D D
1 ___ ..........G A A A A
k . . . . ..........DJ A B B A
6 . . . ..........C A A C C
1 ___ ..........F G 8 B H
1 ___ ..........H A 8 B A
8 . . . . ..........B E 8 8 F
F ig u re  k .2 . a  Example s e q u e n t ia l  m achine f o r  th e  a p p l ic a t io n  of.
L a la 's  s t a t e  assignm ent
"1*
u=U
A B C D E F G H
( l O ) ( 8 ) ( 6 ) ( U ) ( l ) ( l ) ( l ) d )
y \
A B C D 
(1 0 )(8 )(6 ) (U )
E F G H 
( 1 ) ( 1 ) ( 1 ) ( 1 ) ( ) ( ) ( ) ( )
0/  \  0/  i\
A B 
(10 ) ( 8 )
C D 
( 6 ) ( U )
E F G H 
(1 ) (1 )  (1 ) (1 )
B C 
( 8 ) ( 6 )
D E 
W i l )
F G 
(1 ) ( 1 )
R e s u lta n t  S ta te  
code:
^1 ^2 ^3
A 0 0 G
B 0 G 1
C 0 1 G
D G 1 1
E 1 G G
F 1 G 1
G 1 1 G
H 1 1 1
I
F ig u re  U ,2 .b . B in ary  t r e e  d e te rm in ed  by L ala* s  a lg o r i t jp  f o r  th e  
s e q u e n t ia l  machine g iv en  i n  F ig u re  4 . 2 . a .
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un ique minuznuzn v a lu e  .We s h a l l  a s s ig n  th e s e  s t a t e s  th e  v a lu e  o f  th e  
f i r s t  s t a t e  v a r ia b le  * l , a n d  th e  r e s t  o f  th e  s t a t e s  ( A B C D ) th e  
v a lu e  o f  th e  f i r s t  s t a t e  v a r ia b le  y^ = 0 (se e  b in a ry  t r e e  in  F ig u re
U .2 .b  )•  The r e s u l t a n t  n e x t - s t a t e  fu n c tio n  w i l l  have k  t r u e -
m interm s u  = U ( see  f ig u r e  U .2 .b ,c  ) .
s te p  2) R ep ea tin g  th e  p re v io u s  s te p  t o  each  p a r t i t i o n  b lo c k  
o b ta in e d  above,we must choose ( C D )  s t a t e s ,w i t h  th e  m-îniTna.T t o t a l  
appearance  ( 6 + U = 10 ) ,o u t  o f  th e  s e t  ( A B C  D ) .  S im ila r ly  
th e  ( G H ) s t a t e s  ,w ith  th e  t o t a l  appearance  ( 1 + 1  = 2 )  o u t o f
th e  s e t  ( E F G H ) ,a r e  ch o sen .F o r th e  l a t t e r  p a r t i t i o n  b lo c k  we-
co u ld  choose emy two s t a t e s  ,b ecau se  th e y  always g iv e  th e  same t o t a l  
appearance number. Thus ( G H ) i s  chosen a r b i t r a r i l y .  We s h a l l  a s s ig n  
( C D G H ) s t a t e s  th e  v a lu e  o f  second s t a t e  v a r ia b le  y^ = 1 ,  and 
( A B E F ) s t a t e s  th e  v a lu e  o f  second s t a t e  v a r ia b le  y^ = 0 . ( see  
b in a ry  t r e e  in  F ig u re  U .2 .b  ) .The r e s u l t a n t  n e x t - s t a t e  fu n c t io n  Y^ 
w i l l  have 12 tru e -m in te rm s , u  = 1 2 ,a a  in  F ig u re  U .2*d. F in a l ly ,  
a p p ly in g  th e  same p r in c ip le  above we w i l l  choose ( B D F H ) s t a t e s
w ith  th e  minumum t o t a l  appearance  lU ,an d  g iv e  th e s e  s t a t e s  th e  v a lu e
o f  th e  t h i r d  s t a t e  v a r ia b le  y^ = i  ( see  th e  b in a ry  t r e e  in  F ig u re  
I+ .2 .b ). F o r th e  s t a t e  codes determ ined  by  th e  b in a ry  t r e e , t h e
r e s u l t a n t  n e x t - s t a t e  fu n c tio n  Y^ w ith  fo u r  tru e -m in te rm s , Y^ w ith
tw e lv e  tru e -m in te rm s  , and Y^ w ith  fo u r te e n  tru e -m in te rm s  a re  
shown in  F ig u re  I+ .2 .C ,d ,e  below .
This a lg o rith m , o f  L a la  s t a t i s t i c a l l y  g u a ra n tee s  th e  
s im l ic i ty  o f  n e x t - s ta t e  f u n c t io n s .  However th e r e  i s  no a b so lu te  















F ig u re  U .2 .c  N e x t- s ta te  
fu n c t io n  :
1^ * W 3
V % K _ G O 01 11 10
X ,X 2
y y y s ^  «« 01 * 11 10
000 1 1 1 1
1- c  a 
000 1 1
001 001 1 1 1
o i l o i l 1 1
010 010
1110 110
111 111 1 1
TOI 1 1 TOI 1 1 1
TOO 1 1 1 1 TOO 1 1
f ig . l* .2 .d )  ^2= V 3 '" ^ 2 ^ 1 ^ 2
F ig u re  U.2 A p p lic a t io n  o f  L a l a 's  s t a t e  ass ig n m en t method to  th e  g iv en  
s e q u e n t ia l  m achine
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1+.3 M in te m - in tarchange in  S ta te  Assignm ent 
In  t h i s  s e c t io n , in  o rd e r  to  o b ta in  an o p tim a l s t a t e  a s s ig n ­
ment , we s h a l l  c o n s id e r  m in te rm -in te rch an g e  o p e ra tio n s  in  b a s ic  s t a t e  
fu n c tio n s  r a t h e r  th a n  in  n e x t - s ta t e  fu n c tio n s  ,
I+.3.1 B as ic  s t a t e  fu n c tio n s  
D e f in i t io n  U .l  B asic  s t a t e  fu n c tio n  Vhen a  b in a ry  code 
i s  g iv en  t o  th e  s t a t e s  o f  a  s e q u e n t ia l  m achine f o r  ev ery  
in d iv id u a l  s t a t e ,  a  fu n c t io n  can be d e te rm in ed  from  th e  
s t a t e  t a b le  r e p re s e n t in g  th e  s e q u e n t ia l  m achine by 
s u b s t i t u t i n g  " i  " f o r  a l l  th e  m interm  p o s i t io n s  in  w hich 
t h i s  in d iv id u a l  s t a t e  appears^ and ^ Q ^ f o r  a l l  th e  
m interm  p o s i t io n s  in  which t h i s  s t a t e  does n o t ap p ear.S u ch  
a  fu n c tio n  c a l l e d  a  " b a s ic  s t a t e  fu n c tio n  ” .
H en ce fo rth  we deno te  th e  b a s ic  s t a t e  fu n c tio n s  as f ^ , f g , f ^ , . . .
Example U.2 L et us f i n d  th e  b a s ic  s t a t e  fu n c tio n s  f o r  th e  s e q u e n t ia l
m achine g iv en  in 'F ig u r e  U .3 .a ,T h e  b in a ry  codes, chosen f o r  th e  s t a t e s
a re  A ( 0 0 )  ; B ( 0 1 ) ; C ( l l )  ; D ( 1 0 ) .The b a s ic  s t a t e
fu n c tio n s  ' r e l a t e d  to  t h i s  s e q u e n t ia l  m ach in e ,w ith  th e  above a ss ig n m en t,
a re  shown in  F ig u re  U .3 .b ,c ,d .
XiXg
00 01 11 10'
1  ^
A A A B c
B «1 B C A B
Cii A A D B
D i o C C A D
7 l  72 
A 0 0
B 0 1
G i l  
D I O
F ig u re  U .3 .a .  Example s e q u e n t ia l  machine 
and i t s  assignm ent
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01 1 01 1 1




b) B as ic  s t a t e  fu n c t io n  f ^ :  
X iX j
c) B as ic  s t a t e  fu n c t io n  f B
X1X2







d) B asic s t a t e fu n c tio n f ç






e) B as ic  s t a t e  f u n c t io n  f^
+ x,x .
F ig u re  4 .3 .  Example f o r  b a s ic  s t a t e  fu n c t io n s  f o r  , th e  g iven  
s t a t e  code
C o ro lla ry  4 .1 .  The number o f  b a s ic  s t a t e  fu n c t io n s  f o r  a  
g iv en  s e q u e n t ia l  m achine w ith  a  known assignm ent i s  eq u a l 
to  2^ .
C o ro lla ry  4 .2 .  B asic  s t a t e  fu n c t io n s  a re  d i s j o i n t  betw een 
th e m s e lv e s .
I t  i s  b ecau se  th e r e  can n o t be two d i f f e r e n t  s t a t e s  in  th e  same m interm  
p o s i t i o n .
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C o ro lla ry  4 .3 ,  The n e x te s ta te  fu n c tio n s  o f  a  s e q u e n t ia l  
machine f o r  a  g iv en  s t a t e  a ss ig n m e n t, can he  e x p re ssed  as 
ex c lu s  ive-OR o r  AND com bina tion  o f  th e  b a s ic  s t a t e  fu n c t io n s .
For th e  s e q u e n tia l machine and th e  g iven s t a t e  assignm ent in  
F ig u re  4 .3 , th e  n e x t- s ta te  fu n c tio n s  and Y^ and t h e i r  complements 
Y^ 9nd Yg a re  shown as th e  com binations o f  th e  b a s ic  s ta t e  fu n c tio n s  
in  F igure 4 .4 ,a ,b  below .
00
X2
00 01 11 10
\ ^ 1 X2
00 01 11 10
1
1 2
00 1 1 1
01 1 01 1 1 1
11 1 11 1 1 1
10 1 1 1 10 1
^ c ® A- ^A + B 1B
XiX1 ^2
a) N e x t- s ta te  fu n c tio n  Y^ and i t s  complément Y^
X iX j
00




01 1 1 1 01 1 -
11 1 11 1 1 1
10 1 1 10 1 1
b) n e x t - s t a t e  fu n c tio n  Y^ and i t s  complement Y^
F ig u re  4 .4  N e x t- s ta te  fu n c tio n s  as  com binations o f  b a s ic  s t a t e  fu n c t io n s .
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4 .3 .2  The G enera l P r in c ip le  f o r  à  S ta te  A ssignm ent by 
M interm—in te rc h a n g e  
L e t us c o n s id e r  th e  e f f e c t  on th e  b a s ic  s t a t e  fu n c tio n s  ,and  
a ls o  th e  n e x t - s t a t e  f a c t io n s  ,o f  chang ing  th e  assignm en t o f  a  g iv en  
s e q u e n t ia l  m ach in e .F o r t h i s  p u rp o se  we s h a l l  fo llo w  th e  example 
s e q u e n t ia l  m achine g iv en  in  F ig u re  4 . 5 . a ,w i th  th e  s t a t e  assignm en t 
A ( 0 0 ) ; B ( 0 1 )  ; C ( 1 1 )  ; D ( 1 0 ) .B a s ic  s t a t e  and n e x t -  
s t a t e  fu n c t io n s  a r e  shown in  F ig u re  4 . 5 . b , c , d , e , f , g .
Example 4 .3  F ind  th e  n e x t - s ta te  fu n c tio n s  and t h e i r  exp res­
s io n s  as th e  com bination o f th e  b aa ic  s ta t e  fu n c tio n s  fo r  th e  g iven  
s t a t e  assignm ent.
\ ^ 1 X2
00 01 11 10
1 2
A A A B B
B «1 B D B A
C 1 C C D A
D1®C B A A
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A 0 0 
B 0 1 
C 1 1 
D I O
XiX1^2
a) Example s e q u e n t ia l  m achine and th e  g iv en  ass in m en t
X1X2
X yN
00 01 11 10 v X  00 01 11 10
1 2
00 1 1 00 1 1













11 1 1 11 1
10 1 10
V 2 3 ^ 1 ^ V iy 2
XiX1^2
V  W i ^ a ^ W a
.X 1X2





01 1 01 1 1
11 1 1 1 11 1 1
10 1 10 1 1
jr) = c^ g) ^^2 =
F ig u re  4 .5  The e f f e c t  o f  a  g iv e n  assignm ent to  th e  b a s ic  s t a t e  and 
n e x t - s t a t e  fu n c tio n s
Suppose we now in te rc h a n g e  th e  b in a ry  codes g iv en  t o  th e  
s t a t e s  B and C, we o b ta in  t h e  new b a s i c - s t a t e  and n e x t - s t a t e  fu n c tio n s  
which a re  shown in  F ig u re  4 .6 .  These new fu n c tio n s  a r e  den o ted  by  
add ing  p rim es on th e  o r i g i n a l  n o ta t io n .
L et u s  compare th e  b a s ic  s t a t e  fu n c tio n s  d e te rm in ed  by th e  
p re v io u s  and  p re s e n t  s t a t e  ass ig n m en ts  .We can  o b serv e  t h a t  B and C 
rows have been  in te rc h a n g e d  in  th e  Karnaugh map o f  th e  p re v io u s  b a s ic  
s t a t e  fu n c tio n .T h a t  is ,c o r re s p o n d in g  m interm s in  th e s e  rows a re  i n t e r ­




00 01 11 10
A A B B
C»’ C C D A
Bii B D B A
D i o C B A A
A 0 0 
C 0 1 
B 1 1
D I O
a) s e q u e n t ia l  
E and C
m achine f o r  th e  in te rc h a n g e d  a ss ig n m en ts  o f  th e  S ta te s
00 00




00 01 11 10
X2





01 1 01 1 1 1
11 1 1 1 11 1
10 1 10 1
f )  = 4  + t g) ï j
»
> = ^c + 4
F ig u re  H,6 New b a s ic  s t a t e  and  n e x t - s t a t e  fu n c tio n s  a f t e r  in te rc h a n g in g  
th e  b in a r y  codes o f  t h e  s t a t e s  B and C.
fu n c tio n s  rem ains in v a r i a n t  when th e  s t a t e  assignm en t changed.
However c o n s id e r in g  th e  n e x t r s t a t e  fu n c tio n s   ^ c l e a r l y  
( Yg ) in  F ig u re  4 .^  can n o t be  mapped t o  Y^ ( Y^ ) i n  F ig u re  U.6 by 
row in te rc h a n g e  ( w hich c o rre sp o n d  t o  m in te rm -in te rch a n g e  ) .T h is  
o b s e rv a tio n  i s  g e n e r a l ly  t r u e .T h e  e f f e c t  o f  chang ing  Y ,as a b o v e ,is
f
tw o f o ld : F i r s t l y  th e  b a s ic  s t a t e  fu n c t io n  com bina tion  f o r  Y and Y 
w i l l  d i f f e r .S e c o n d ly ,a n d  in d e p e n d e n t ly , a l l  b a s ic  s t a t e  fu n c tio n s  w i l l  
ch ange .
From th e  above exam ple we can  co n clu d e* th a t c o n t r o l l in g jb e x t -
s t a t e  fu n c t io n s  b y  ch an g in g  th e  g iv e n  ass ig n m en t i s  d i f f i c u l t  .T h is  i s
e f f e c t
b ecau se  o f  th e  two s im u lta n eo u s  changes in  th e s e  fu n c tio n s  .However t h e /  
o f  an ass ig n m en t change on th e  b a s ic  s t a t e  fu n c tio n s  i s  s im p ly  " row 
in te rc h a n g e  " in  th e  K arnaugh map o f  th e s e  fu n c tio n s  .Thus as  f a r  a s  b a s ic  
s t a t e  fu n c t io n s  a re  c o n c e rn e d ,in  o rd e r  t o  o b ta in  a  d i f f e r e n t  s t a t e  
assignm ent from  a  known one i t  i s  s u f f i c i e n t  t o  in te rc h a n g e  th e  rows 
o f  th e  Karnaugh map by  w hich th e  b a s ic  s t a t e  fu n c tio n s  a re  d e f in e d .
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We can now s t a t e  th e  p r in c ip le  f o r  a  new s t a t e  a ss ig im e n t 
te c h n iq u e . S ince  b a s ic  s t a t e  : fu n c tio n s  have th e  above e x p la in e d  
advan tage  ov er n ex t s t a t e  fu n c tio n s jO u r t a r g e t , i f  i t  i s  p o s s ib le ,  
i s  to  f in d  b a s ic  s t a t e  fu n c tio n s  as s im p le s t- th r e s h o ld  fu n c tio n s  * , 
by  changing  th e  b in a ry  cod in g  o f  th e  s t a t e s  o f  a  g iv en  s e q u e n t ia l  
m achine.The rea so n s  a re  as fo llo w s :
i )  I t  i s  e s s e n t i a l  from^ m in te rm -in te rch an g e  p o in t  o f  view  
t h a t  we employ b a s ic  s t a t e  fu n c tio n s  as opposed t o  n e x t - s t a t e  
f u n c t io n s ,
i i )  S in ce  th e  n e x t - s t a t e  fu n c tio n s  a re  c e r t a in  com binations 
o f  b a s ic  s t a t e  fu n c tio n s  acco rd in g  t o  th e  chosen a ss ig n m e n t,th e n  th e
b a s ic  s t a t e  fu n c tio n s  can  be chosen as s im p le s t - th r e s h o ld  fu n c tio n s
K J'
( s e e  Appendix A ) .  This means [ t h e  n e x t - s t a t e  fu n c tio n s  w i l l  , in  
g e n e r a l ,  be  sim ple  b ecau se  th e r e  i s  a  d i r e c t  r e l a t io n s h ip  betw een  a l l  
m interm  cubes i n  b a s ic  s t a t e  fu n c tio n s  and th e  m inteim  cubes in  th e  
n e x t - s t a t e  f u n c t io n s .
i i i ) E a c h  b a s ic  s t a t e  fu n c tio n  ap p ea rs  in  a l l  n e x t - s t a t e  
f u n c t io n s ( to  w ith in  conqplem entation ) .T h is  r e a la t io n s h ip  g iv e s  us th e  
advan tage o f  u s in g  s im p le s t - th r e s h o ld  b a s ic —s t a t e  fu n c tio n s  as common 
fu n c tio n s  f o r  th e  r e a l i s a t i o n  o f  n e x t - s t a t e  fu n c tio n s*
U .S .3 P rocedure
"Hie fo llo w in g  assum ptions a re  made:
i )  s t a r t  w ith  a  red u ced  s t a t e  t a b le  
i i )  th e  minumum number o f  memory elem ents w i l l  be  u sed
i i i )  d e lay  ty p e  memory elem ents w i l l  be  used
* see  C hap ter 3 .1 .2  which d e t a i l s  th e  p r a c t i c a l  s ig n if ic a n c e  o f  
s im p le s t- th re s h o ld  f u n c t io n s .
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iv )  s e< ^ m tia l m achines, a re  com plete  
v) in p u t cod ing  i s  a lre a d y  f ix e d  
v i )  o u tp u t fu n c t io n s  a re  n o t c o n s id e r e d , th is  assum ption  b e in g  
made f o r  th e  sake  o f  s im p l ic i ty  and does n o t r e s t r i c t  th e  m ethod.
The p ro c e d u re  w i l l  be m ain ly  e x e c u te d  in  t h e  <0 1> B oolean 
domain as  opposed  t o  th e  spec trum  domain .T h e re fo re  we s h a l l  c o n s id e r  
t h e  s i z p l e s t - t h r e s h o l d  fu n c t io n s  i n  th e  B oolean  domain.As i s
e x p la in e d  in  C h a p te r  1 .3  by e q u a tio n  1.2U , th e r e  i s  a  d i r e c t  r e l a t i o n  
betw een  f i r s t - o r d e r  s p e c t r a l  c o e f f e c ie n ts  and th e  d i s t r i b u t i o n s  o f  t r u e  
m in te rm s ,see  A ppendix A. I n  o rd e r  t o  d i s t r i b u t e  th e  t r u e  m interm s o f  
th e  b a s ic  s t a t e  fu n c tio n s  in  such a  way t h a t  each  o f  th e s e  fu n c tio n s  
becomes a  s im p le s t - th r e s h o ld  ( i f  p o s s i b l e ) , s u i t a b l e  b in a r y  codes must 
be  a l lo c a te d  to  th e  s t a t e s .
L e t u s  combine th e  two p r o p e r t i e s  o f  th e  b a s ic  s t a t e  
fu n c tio n s  in  th e  s t a t e  assignm en t p ro ced u re  f o r  th e  m ethod s t a t e d  in  
s e c t io n  U .3 .2 .They a re  as  fo llo w s ;
i )  When th e  cod in g  o f  * th e  s t a t e s  o f  a  s e q u e n t ia l  m achine d s  ' 
ch an g e d ,th e  rows o f  th e  Karnaugh map o f  th e  b a s ic  s t a t e  fu n c tio n s  rem ain  
in v a r ia n t  b u t th e  p o s i t io n s  o f  th e  rows change ,
i i )  By changing  th e  s t a t e  a ss ig n m e n t,w hich co rresp o n d s t o  
in te rc h a n g in g  th e  rows in  th e  Karnaugh map o f  t h e  b a s ic  s t a t e  fu n c t io n s ,  
we may tra n s fo rm  th e  b a s ic  s t a t e  fu n c tio n s  to  th e  s im p le s t - th r e s h o ld  
f u n c t io n s •
Thus a l l  t h a t  i s  n e c e s sa ry  i s  t o  change th e  s t a t e  assignm ent in
o rd e r  to  o b ta in  each  b a s ic  s t a t e  fu n c tio n  th e  same as  th e  r e l a t e d  s im p le s t
*
th re s h o ld  fu n c t io n  , t h a t  i s  b o th  o f  th e s e  fu n c tio n s  would have th e  same
* These fu n c tio n s  have th e  same* n .and u  v a lu e s  w ith  th e  b a s ic  s t a t e  
fu n c tio n s  .They can  be found in  Appendix A.
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tru e -m in te rm  d i s t r i b u t i o n  in  th e  0 ,1  sp aces  o f  th e  in d ep en d en t 
v a r ia b le s^  rjTjjg p ro ced u re  w i l l  d e s c r ib e  th e  b a s ic  s t a t e  fu n c t io n s  by 
th e  number o f  tru e -m in te rm s  in  each  o f  th e  rows o f  th e  Karnaugh map 
o f  th e s e  fu n c t io n s  .T h is  i s  i l l u s t r a t e d  in  th e  exam ple k , h ,  below .
Example U.U F or th e  s e q u e n t ia l  m achine in  F ig u re  4 .T ,th e  
b a s ic  s t a t e  fu n c t io n s  a re  as fo llo w s  :
\ I 11 III IV
A A A B B
B C C D A
C 8 D B A
D C B A A
F ig u re  U.T An example o f  d e s c r ib in g  b a s ic  s t a t e  fu n c tio n s  as rows
B asic  s t a t e  fu n c t io n  f ^ ;
A(2) ; number o f  A s t a t e s  ( t r u e  m interm s) i n  th e  row A,
BCi ) : number o f  A s t a t e s  ( t r u e  m interm s) in  th e  row B.
C (l)  : number o f  A s t a t e s  ( t r u e  m interm s) in  th e  row C,
D(2) ; number o f  A s t a t e s  ( t r u e  m interm s) in  th e  row D.
B asic  s t a t e  fu n c tio n  f^ ;
A(2) : number o f  B s t a t e s  ( t r u e  m interm s) in  th e  row A.
B(0) : number o f  B s t a t e s  ( t r u e  m interm s) i n  th e  row B,
C(2) : number o f  B s t a t e s  ( t r u e  m in te rm s) in  th e  row C,
D(1) : number o f  B s t a t e s  ( t r u e  m interm s) in  th e  row D,
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B asic  s t a t e  fu n c tio n  f^.:
A(0) : number o f C s t a t e s ( t r u e m interm s) in th e row A.
B(2) : number o f C s t a t e s ( t r u e m interm s) in th e row B.
C(0) : number o f C s t a t e s ( t r u e m in term s) in th e row C.
D( l ) : number o f C s t a t e s ( t r u e m in te rm s) in th e row D.
s t a t e fu n c t io n
A(0) : number Of D s t a t e s ( t r u e m in te rm s) in th e row A.
B ( l ) : number o f D s t a t e s ( t r u e m interm s) in th e row B.
C ( l ) : number o f D s t a t e s ( t r u e m in te rm s) in th e row C.
D(0) : number o f D s t a t e s ( t r u e m interm s) in th e row D.
S in c e  t h e r e  a re  2^ number o f  s t a t e  fu n c t io n s ,y e  have t o  
make a  d e c is io n  ab o u t w hich one sh o u ld  be t r e a t e d  f i r s t  .We w i l l  s t a r t  
w ith  a  b a s ic  s t a t e  fu n c t io n  w hich h as  n o t extrem e u  v a lu es(u  b e in g  eq u a l to  
th e  number o f  tim e s  o f  th e  app earan ce  o f  t h e  r e l a t e d  s t a t e  in  th e  s t a t e -  
d iagram ) .A ccord ing  t o  th e  e n tro p y  c o s t  c u rv e ( see  F ig u re  h .1 )  th e s e  
fu n c tio n s  a re  more c r i t i c a l ,c o m p le x i ty - w is e ,  th a n  th o s e  which have a 
sm a ll number o f  tru e -m in te rm s  .When th e  e n tro p y  c o s t  curve  examined, , see  , 
F ig u re  U . l , i t  can  be  seen  t h a t  th e  d i f f e r e n c e  betw een th e  av erag e  c o s t  
and th e  c o s t  f o r  th e  fu n c tio n s  which a re  u -ex trem e  i s  l e s s
th a n  f o r  th e  fu n c tio n s  w hich a r e  n o t u -ex trem e .S o  th e  fu n c tio n s  w hich 
a re  to  be  t r e a t e d  f i r s t  a re  c lo s e  t o  th e  c e n t r a l  a r e a  o f  th e  e n tro p y  
c o s t  c u rv e .
Now we can  e x p la in  th e  p ro ced u re  s te p  by  s te p :  
s te p  1)
F in d  a  b a s ic  s t a t e  fu n c tio n  w ith  th e  h ig h e s t  number o f  
t ru e -m in te rm s . I f  th e r e  i s  more th a n  one b a s ic  s t a t e  fu n c tio n s  w ith  
th e  same number o f  t ru e -m in te rm s , choose a r b i t r a r i l y .
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ste p  2)
Give a  random s t a t e  assignm ent to  th e  s t a t e s  ,an d  f in d  th e  
f i r s t - o r d e r  s p e c t r a l  c o e f f i c i e n t s  o f  th e  chosen  b a s ic  s t a t e  f u n c t io n .  
S in c e  th e  in p u t assignm en t i s  a lre a d y  f ix e d (  assum ption  v) , i t  fo llo w s  
t h a t  th e  f i r s t - o r d e r  s p e c t r a l  c o e f f e c ie n ts  o f  th e  chosen  b a s ic  s t a t e  
fu n c t io n ,c o r re s p o n d in g  t o  th e  in p u t v a r ia b le s  , do n o t change when th e  
s t a t e  assignm ent i s  changed.T he f i r s t - o r d e r  s p e c t r a l  c o e f f e c ie n ts  
c o rre sp o n d in g  t o  th e  in p u t v a r ia b le s  must, be  among th e  f i r s t - o r d e r  
s p e c t r a l  c o e f f e c ie n ts  o f  th e  r e l a t e d  s im p le s t - th r e s h o ld  f u n c t i o n . I f  
t h i s  were n o t s o , th e  chosen  b a s ic  s t a t e  fu n c t io n  co u ld  n o t b e  form ed 
as a  s im p le s t - th r e s h o ld  fu n c t io n  by  sim p ly  chang ing  th e  a ss ig n m en t, 
t h a t  i s  by in te rc h a n g in g  th e  rows o f  th e  Karnaugh map o f  th e  b a s ic  
s t a t e  fu n c tio n  .. Thence •. we c o n tin u e  w ith  a n o th e r  b a s ic  s t a t e  
fu n c t io n  w ith  th e  second  h ig h e s t  number o f  tru e -m in te rm s . 
s te p  3)
In  o rd e r  t o  tra n s fo rm  th e  chosen b a s ic  s t a t e  fu n c tio n  to  a  
s im p le s t  th r e s h o ld  fu n c t io n  by ” row in te rc h a n g e  ” , th e  tru e -m in te rm s  
o f  th e  b a s ic  s t a t e  fu n c tio n s  w i l l  be  d i s t r i b u t e d  i n  t h e ’i s t a t e  v a r ia b le  
sp aces  o f  th e  K arnaugh map o f  th e  b a s ic  s t a t e  fu n c tio n  in  such a way 
t h a t  a  s im p le s t - th r e s h o ld  fu n c t io n  i s  g e n e ra te d  .T h is  i s  accom plished  
by  means o f  a  b in a r y  t r e e  s im i la r  to  t h a t  o f  s e c t io n  1^.2.H ere b a s ic  
s t a t e  fu n c tio n s  a re  u sed  in s te a d  o f  n ex t s t a t e  f u n c t io n s .I n  t h i s  new 
b in a r y  t r e e  th e  numbers u n der th e  s t a t e s  show th e  number o f  t r u e -  
m interm s in  th e  co rre sp o n d in g  rows o f  th e  Karnaugh map o f  th e  b a s ic  
s t a t e  fu n c tio n .T h e  f i r s t  p a r t i t i o n  o f  th e  b in a ry  t r e e  d e te rm in es  th e  
tru e -m in te rm  d i s t r i b u t i o n  in  y^  = 0 ,1  sp ac e s  o f  th e  Karnaugh map o f  
th e  b a s ic  s t a t e  fu n c tio n  . S imi l a r l y  ^the second  p a r t i t i o n i n g  in  th e  
b in a ry  t r e e  d e te rm in es  th e  t ru e -m in t  erm d i s t r i b u t i o n  f o r  y ^ j C t c .
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S in ce  c u r  t a r g e t  fu n c t io n s  ( r e l a t e d  t o  th e  b a s ic  s t a t e  fu n c tio n s )  a re  
s im p le s t - th r e s h o ld  f u n c t io n s , th e  r e q u ir e d  t ru e -m in t  erm d i s t r i b u t i o n  
i n  7%@72  ^ sp aces  o f  th e  Karnaugh map o f  th e  b a s ic  s t a t e  fu n c tio n s
a re  known from  A ppendix A.Thus we can a rra n g e  th e  p a r t i t i o n s  in  th e  
b in a ry  t r e e  in  o r d e r  t o  co n firm  o u r t a r g e t  f u n c t io n s ,  
s te p  4)
R epeat s te p  3 u s in g  th e  p re v io u s  b in a ry  t r e e  f o r  th e  p o s s ib le  
b a s ic  s t a t e  fu n c t io n s  ( i . e .  th o s e  h av in g  th e  second  h ig h e s t  number o f  
tru e -m in te rm s)  and c o n tin u e  w ith  th e  o th e r  b a s ic  s t a t e  fu n c tio n s  u n t i l  
a l l  th e  s t a t e  co d in g s  a r e  d e te rm in ed .
Example U.5 L e t us f in d  t h e  s t a t e  assignm en t f o r  th e  
s e q u e n t ia l  m achine g iv e n  in  F ig u re  U.8.
X , X 2
y % y \ ^  00 01 ' 11 10
1 6 j
A  000
G G G G
B  001 A D D D
C G G C C
D B B E E
E , i i o F F C C
F i l l H D D D
G  101 H H B B
| - |  t o o A A E E
F ig u re  1^.8 Example s e q u e n t ia l  m achine f o r  th e  new s t a t e  assignm ent
te c h n iq u e
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step  1)
B asic s t a t e fu n c t io n  f ^ h as 6 tru e -m in te rm s  S  n=5 »u=6)
B asic s t a t e fu n c t io n  f^ h as 6 tru e -m in te rm s ,( ^ "5 ,u=6 )
B asic s t a t e f u n c t io n  fg h as k tru e -m in te rm s  5 > u=U )
B a s ic s t a t e f u n c t io n  f ^ h as h t ru e -m in te rm s .( n=5 ,u=U )
B asic s t a t e fu n c t io n  fg h as k t r u e -m in t  enns .( n= 5, u=4 )
B asic s t a t e f u n c t io n  f .A h a s 3 tru e -m in te rm s .( n=5 ,u=3 )
B a s ic  s t a t e f u n c t io n  f ^ has “3 ' t ru e -m in te rm s , ( n=5 ,u=3 )
B asic s t a t e fu n c t io n  fp h as 2 tru e -m in te rm s . ( ^ “5, u=2 )
T h is  o rd e r in g  o f  th e  b a s ic  s t a t e  fu n c t io n s  i s  a l s o  th e  o rd e r  i n  w hich 
t h e  b a s ic  s t a t e  fu n c tio n s  a re  t o  be ta k e n .S in c e  th e  b a s ic  s t a t e  
f u n c t io n  f ^  h as  th e  h ig h e s t  number o f  tru e -m in te rm s  we s t a r t  w ith  t h i s  
f u n c t io n .
s te p  2)
The f i r s t - o r d e r  s p e c t r a l  c o e f f e c ie n t s  and a ls o  th e  . t r u e — 
sd n tezm  d i s t r i b u t i o n  f o r  th e  r e l a t e d  s im p le s t - th r e s h o ld  fu n c t io n  a re  
a s  fo llo w s  ( see  Appendix A fo r  n=5 , u=6 ) :
\  \  ^  \
f i r s t - o r d e r  s p e c t r a l  c o e f f e c ie n t s :  12 12 U k  0
t ru e -m in te r m  d i s t r i b u t i o n  : 6 6 • U k  3
F o r a  g iv en  random s t a t e  assignm en t  ^ th e  a b s o lu te  v a lu e s  o f  th e  f i r s t -
o r d e r  s p e c t r a l  c o e f f e c ie n ts  o f  th e  b a s ic  s t a t e  fu n c t io n  w hich
c o rre sp o n d  to  i t s  in p u t  v a r i a b l e s , a r e  ( U 0 ) .S in c e  th e s e  ( 0 )
c o e f f ic ie n ts  a r e  among th e  f i r s t - o r d e r  s p e c t r a l  c o e f f e c ie n ts  o f  th e
r e l a t e d  s im p le s t - th r e s h o ld  f u n c t io n ,  th e n  th e  b a s ic  s t a t e  f u n c t io n  f ^
i s  a  c a n d id a te  f o r  a  s im p le s t - th r e s h o ld  f u n c t io n .
s te p  3)
The tru e -m in te im  d i s t r i b u t i o n  i n  = 1 C o r  7^ = 0 ) space  
f o r  th e  r e l a t e d  s im p le s t - th r e s h o ld  f u n c t io n  i s  ( 6 U ) .U sing  th e
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bineiry t r e e  we s h a l l  t r y  to  o b ta in  th e  same d i s t r ib u t io n s  fo r  th e  
b a s ic  s t a t e  fu n c tio n  .The b in a ry  t r e e  i s  g iven  in  F igu re  4 .9 ,a#
The f i r s t  l i n e  shows th e  new d e s c r ip t i o n  o f  th e  b a s ic  s t a t e  f u n c t io n   ^
as  i l l u s t r a t e d  i n  example 4 ,4  .The numbers u n d e r th e  each  s t a t e  
show th e  number o f  tru e -m in te rm s  i n  th e  co rre sp o n d in g  rows o f  th e  
Karnaugh map o f  t h e  b a s i c - s t a t e  fu n c t io n  f ^  .As i l l u s t r a t e d  in  F ig u re  
4 .9 . a  , i n  o rd e r  t o  o b tsd n  th e  same t ru e -m in t  erm d i s t r i b u t i o n  f o r  
^1  * ^2  • ^3 ^^^G pendent s t a t e  v a r ia b le s  as t h e  r e l a t e d  s im p le s t -  
th r e s h o ld  f u n c t io n ,  s t a t e  A and  s t a t e  C must have th e  same b in a ry  code 
C  ^ 0 * o r  ” 1 ” ) f o r  y^, and s im i l a r ly  f o r  y^.H ow ever a  d i f f e r e n t  
b in a r y  code i s  r e q u ir e d  f o r  y^  . 
s te p  4)
S ince th e  s t a t e  codes a re  no t determ ined e x a c tly  by th e  
p rev io u s  incom plete b in a ry  tre e ,w e  a re  a b le  to  form an o th e r b a s ic  s t a t e  
fu n c tio n  as a  s im p le s t- th re s h o ld  fu n c tio n . S ince  th e  b a s ic  s ta t e  
fu n c tio n  f^has as many tru e -m in te rm s as th e  b a s ic  s t a t e  fu n c tio n  f ^ ,  
i t  fo llo w s th a t  th e  r e la te d  s im p le s t- th re s h o ld  fu n c tio n  to  th e  
co rrespond ing  s t a t e  fu n c tio n s  f ^  and f^  a x e  th e  same, A lthough th e  f i r s t -  
o r d e r 's p e c t r a l  c o e f f e c ie n ts  o f  th e  b a s ic  s t a t e  fu n c t io n  f ^ ( 4  4 ) , which 
co rre sp o n d  to  in p u t v a r i a b l e s , a r e  d i f f e r e n t  from  th o s e  o f  f ^ , t h e y  a r e  
among th e  f i r s t - o r d e r  s p e c t r a l  c o e f fe c ie n ts  o f  th e  r e la te d  S s im p le s t-  
th re s h o ld  fu n c tio n . T herefo re  we can t r y  to  form f^  w ith  th e  tru e -m in t erm 
d i s t r ib u t io n  ( 6 6 3 ) ,s e e  F ig u re  4 .9 .b .  B and F s t a t e s  should  be
given th e  same code f o r  y^ and y^^bpt a  d i f f e r e n t  code f o r  y ^ .
The n e x t b a s ic  s t a t e  fu n c t io n  we w i l l  t r e a t  i s  f - w i th  fo u r  
tru e -m in te rm s .T h e  f i r s t - o r d e r  s p e c t r a l  c o e f f e c ie n ts  o f  th e  r e l a t e d  
s im p le s t - th r e s h o ld  fu n c t io n  a re (  see  Appendix A f o r  n=5 u=4) :
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A B C D E F G H  B asic  s t a t e  fu n c tio n  f_ .
(U)(0) (2) (0) (0) (0){0) (0)  ^
l^ o \
A C _ _  _ _ _ _  6 tra e -m in te rm s  in
(1») (2) (0) (0)  ( 0 ) ( 0 ) ( 0 ) ( 0 )  y^= 1 sp ac e .
/ \  / \
A C  6  tru e -m in te rm s  i n
(k)(2)  (0)(P)  (0) (0)  (C)(0)
/ \ / \ / \ / \
F g - l ( o r  yg=0) space
6 tru e^ n in ten as in
( t )  (2 ) ( ë )  (Ô) (Ô) (Ô)(Ô> (ô ) 73=1 ( o r  73=0 ) sp ac e .
f i r s t - o r d e r  s p e c t r a l  c o e f f e c ie n ts  o f
th e  r e l a t e d  s im p le s t- th r e s h o ld  6 : 12 12 4 4 0
an d  tru e -m in te rm  d i s t r i b u t i o n  : (6) (6 ) ( 4 ) ( 4 ^ ( ^ )
F ig u re  4 .9 . a  B in a ry  t r e e  f o r  th e  b a s ic  s t a t e  fu n c tio n  f g .
A B C D E F G H  B asic  s t a t e  fu n c t io n  f _ .
( o ) ( 3 ) ( o ) ( o ) ( o ) ( 3 ) ( o ) ( o )  ^
' /  “\
A C B F  D E G H  6  tru e -m in te rm s  in
( 0 ) . ( 0 ) ( 3 ) (3 )  ( 0 ) ( 0 ) (Q ) ( 0 ) y^ = 1 sp ace .
A C  B F  6 t r u e  m interm s in
y g = l(o r  ygSO )space.(G)(0)  ( 3 ) ( 3 )  (p ) (0 )  (G)(0)
\  \ / \  \
A C B F  3 tru e -m in te rm s  i n  -
(0 ) (G)(3)  ( 3 ) (0 )  ( 0 ) ( 0 )  (0)
f i r s t - o r d e r  s p e c t r a l  c o e f fe c ie n ts  o f  _
th e  r e l a t e d  s im p le s t- th re s h o ld  5 : 12 12 4 4 0
and  tru e -m in te rm  d i s t r i b u t io n  ; (6) (6) (4) (4) (3)
\/  ✓
F ig u re  4 .9 .b B in a ry  t r e e  co v ers  th e  b a s ic  s t a t e  fu n c tio n s  f -  and f - ,
tf tf Cï D
NOTE: For all figures in 4.9; y shows the minterm distributions which 
correspond to input variables for a randomly given state assignment.
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( 8 8 8 0 0 )
and th e  co rre sp o n d in g  m in te rm - d is t r ih u t io n :
( k % U 2 2 ) .
The f i r s t - o r d e r  s p e c t r a l  c o e f f e c ie n ts  ( 0 0 ) o f  th e  b a s ic  s t a t e  fu n c tio n
fg  f o r  th e  in p u t v a r ia b le s  x ^  a re  among th e  f i r s t - o r d e r  s p e c t r a l
c o e f f e c ie n ts  o f  th e  r e l a t e d  s im p le s t - th r e s h o ld  fu n c tio n .T h e re fo re  we
have to  d i s t r i b u t e  th e  tru e -m in te rm s  o f  fg  i n y ^  * Fg * Tg = 1 ( o r  *0” )
spaces a s  ( 4 4 4 ) .But th e  p re v io u s  b in a ry  t r e e  f o r  f ^  and f^  does
n o t a llo w  such  a  d i s t r i b u t io n  see  F ig u re  4 . 9 .  c .Hence we cannot
I
tran sfo rm , th e  b a s ic  s t a t e  fu n c t io n  f_  to  a  s im p le s t - th re s h o ld  f u n c t io n .  
A ccord ing  t o  th e  l i s t  g iv en  a t  s te p  1 ,we w i l l  t r e a t  th e  
b a s ic  s t a t e  fu n c t io n  f^  w ith  fo u r  tru e -m in te rm s  .A gain th e  f i r s t - o r d e r  
s p e c t r a l  c o e f f e c ie n ts  o f  th e  r e l a t e d  s im p le s t - th r e s h o ld  fu n c tio n  a r e :
( 8 8 8 0 0 )
and th e  t r u e - m in te m s  d i s t r i b u t io n s  a r e :
( 4 4 4 2 2 ) .
T h e  f i r s t - o r d e r  a b so lu te  s p e c t r a l  v a lu e s  ( 8  0 ) o f  th e  b a s ic  s t a t e  
fu n c t io n  f^ ,w h ic h  co rre sp o n d  to  in p u t v a r i a b l e s ,  a re  among th e  f i r s t -  
o rd e r  s p e c t r a l  c o e f f e c ie n ts  o f  th e  r e l a t e d  s im p le s t- th re s h o ld  f u n c t io n .  
T h e re fo re  we have to  d i s t r i b u t e  th e  tru e -m in te rm s  as ( 4 4 2 ) f o r  
th e  s t a t e  v a r ia b le s  y^ » yg » 7^ * m ust com plete th e  b in a ry  t r e e  
i n  F ig u re  4 .9 .b .S in c e  th e  b a s ic  s t a t e  fu n c t io n  fg  has f a i l e d  to  become 
a  s in p le s t - th r e s h o ld  f u n c t io n , th e  developed  b in a ry  t r e e  f o r  th e  b a s ic
s t a t e  f u n c t io n  f ^  i s  g iv en  in  F ig u re  4 .9 .d . I n  o r d e r  t o  s a t i s f y  th e  above 
m en tioned  d i s t r i b u t i o n  a t  th e  second  p a r t i t i o n  f o r  th e  y^ v a r ia b le  , 
we have to  g iv e  th e  same b in a ry  code to  ( A C ) and ( E -  ) s e t s ,  say  
1 code .A gain  a t  th e  y^ p a r t i t i o n  we have to  g iv e  th e  same b in a ry  
code to  ( C ) and ( E ) s e t s  t o  s a t i s f y  th e  fo u r  tru e -m in te rm  
d i s t r i b u t i o n  in  y^ = 1 (o r  '0* ) space  f o r  f^.Now f ^ i s  a  s im p le s t -
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A B C D E F G H
( 0 ) ( 0 ) ( 0 ) ( 2 ) ( 0 ) ( 0 ) ( 2 ) ( 0 )
’/  o\
A C B F  
( ^ ( 0 ) ^ ) ( 0 )
B as ic  S ta te  fu n c tio n  f_ .D
D E. G H 
( 2 ) ( 0 ) ( 2 ) ( 0 )
A C B F
( 0 ) ( 0 ) ( 0 ) ( 0 ) ( 2 ) ( 2 ) (0 ) ( 0 )
(0)  (C)(0)  (G)(2) (2) (0)  (0)
f i r s t - o r d e r  s p e c t r a l  c o e f f e c i e n t s .o f  
t h e  r e l a t e d  s im p le s t - th r e s h o ld  6
and  t r u e  .m in te rm  d i s t r i b u t i o n s
h t ru e -m in te rm s  in  
y^=0 s p a c e ,
U tru e -m in te rm s  in  
y g = l(o r  7 ^=0 ) s p a c e .
2 tru e -m in te rm s  in
o
7 g = l ( o r  7 ^=1 ) sp a c e .
: 8 8 8 0 0
: W  W  (U) (2 ) (2 )
F ig u re  U . 9 . c .  B in a r7  t r e e  shows t h a t  b a s ic  s t a t e  f u n c t io n  fg  can n o t
be  fo rm ed as s im p le s t - th r e s h o ld  a f t e r  f ^  and f^  a r e  t r e a t e d .
A B O D E  F G H  
(0)(0)(2) (Ô) (2) (0)(0)(0)
B asic  s t a t e  f u n c t io n  F.
'/ \
A C B F
( 0 ) ( 2 ) ( 0 ) ( 0 )
D E G H
( 0 ) ( 2 ) ( 0 ) ( 0 )
0) (o)Io
C B 
( 2) ( 0 )
F E 
( 0 ) ( 2 ) ( 0 ) ( 0
f i r s t - o r d e r  s p e c t r a l  c o e f f e c ie n ts  o f  
th e  r e l a t e d  s im p le s t - th r e s h o ld  6
and true-m interm  d is tr ib u t io n s :
2 t r u e - m in t  eim s in  
7^=1 s p a c e .
U ta^e-m interm s in  
7^=1 space.
k  t r u e  minterms in  
7^=0 space.*
8 8 8 0 0
(k ) (!*) (!t) (2)  (2)
Figure U. 9. d Binar7 tr e e  fo r  the b a sic  s ta te  fu n ctio n s fp in c lu d in g
and fp .
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f i r s t - o r d e r  s p e c t r a l  c o e f f i c i e n t  o f  
th e  r e l a t e d - s  im p le s t- th r e s h o ld  ô
and tru e -m in te rm  d i s t r i b u t i o n
U tru e -m in te rm s  in  
y ^ = l sp a c e .
k  tru e -m in te rm s  in  
7g=0 sp ac e .
2 t r u e  m interm s in  
7^=1 ( o r  7 g=0 ) sp a c e .
F ig u re  U . 9 . e .  B in a ry  t r e e  developed  f o r  th e  b a s ic  s t a t e  fu n c tio n s  f ^ , f g
a n d  f g .
A B C D E F G H
( 0 ) ( 1 ) ( 0 ) ( G ) ( G ) ( G ) ( G ) ( 2 )
B as ic  s t a t e  f u n c t io n  f . .A
/1
A C B F
(G)(G)(1) (G)
D E G H
(G) ( 0 ) (G) ( 2 )





E G  D H 
(G)(0)  (G)(2)
'  (  “/  \
G D H
(G)(1)  (G)(0)  (G) (0)  (2)
f i r s t - o r d e r  s p e c t r a l  c o e f f e c ie n ts  o f  
th e  r e l a t e d  s im p le s t - th r e s h o ld  <5
and tru e -m in te rm  d i s t r i b u t i o n
2 tru e -m in te rm s  in  
7^=0 sp ac e .
3 tru e -m in te rm s  in  
7^=0 sp ac e .
3 tru e -m in te rm s  in  
7 g= l sp a c e .
3 3 3 2
Figure k , 9 , f  F in a l b in ary  tr e e  developed fo r  th e  b a s ic  s ta te  fu n ctio n s
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th r e s h o ld  f u n c t io n  b ecau se  i t  has th e  same tru e -m in te rm  d i s t r i b u t i o n  
f o r  7^ « 7g > ^3 th e  r e l a t e d  s im p le s t - th r e s h o ld  fu n c t io n .
The b a s ic  s t a t e  fu n c tio n  fg  i s  th e  n e x t one to  be t r e a t e d .
I
The e v a lu a t io n  o f  th e  b in a ry  t r e e  i s  c o n tin u e d  in  a  s im i la r  way a s  in  
th e  p re v io u s  s t e p ,a e e  F ig u re  U .9 .e .
The b in a r y  t r e e  i s  n o t y e t  c o u p le te d . We a re  a b le  to
c o n tin u e  w ith  th e  b a s ic  s t a t e  fu n c tio n  f ^ .  U sing th e  above p ro ced u re
we o b ta in  th e  f i n a l  b in a r y  t r e e  shown in  F ig u re  U .9 .f .
In  t h i s  f i n a l  b in a ry  t r e e , a l l  th e  s t a t e  codes have been
d e te rm in ed  as  A ( l l l )  ; C ( l l O )  ; B ( 1 0 1 ) ; F ( l O O )  ;
E ( O I O )  ; G ( 0 1 1 )  ; D ( 0 0 0 )  ; H ( 0 0 l ) .  T h is  means we 
can n o t t ra n s fo rm  any o th e r  b a s ic  s t a t e  fu n c tio n  to  a  s im p le s t -  
th r e s h o ld  fu n c tio n ^ b e c a u se  a l l  th e  s t a t e  codes have been  d e te rm in ed . 
F o r t h i s  new s t a t e  assignm en t th e  new s t a t e  t a b l e  and th e  n e x t - s t a t e  
fu n c t io n s  a re  g iv e n  in  F ig u re  U.IO. F ig u re 4 .1 1  shows th e  r e s u l t  s t a t e -  
t a b l e  and n e x t - s t a t e  fu n c t io n s  f o r  L a la 's  m ethod f o r  th e  same exam ple. 
The s t a t e  codes f o r  L a la* s  method i s :  A (  0 0 1  ) ; B  ( 1 0 1  ) ; 
C ( I O O )  ; E ( 0 1 1 )  ; F ( 0 0 0 )  ; G ( 1 1 0 ) ;
H ( 0 1 0 ) .
The r e s u l t a n t  c i r c u i t  d iagram s f o r  th e  new s t a t e  assignm ent
and th e  L a la 's  s t a t e  assignm ent a re  shown in  F ig u re  ^ .1 2  and F ig u re
4 .1 3 . L e t us compare th e s e  c i r c u i t s  :
The new s t a t e  ass ig n m en t r e s u l t :  L a l a 's  s t a t e  assignm en t r e s u l t :
2 tw o -in p u t AND g a te s  tw o -in p u t AND g a te s
9T th r e e - in p u t  AND g a te s  12 th r e e - in p u t  AND g a te s
2 fo u r - in p u t  AND g a te s  1 fo u r—in p u t AND g a te s
2 f o u r - in p u t  OR g a te s  2 f iv e - in p u t  OR g a te s
1 f iv e —in p u t OR g a te  1 s e v e n - in p u t OR g a te .
T o ta l ;  l6  g a te s  and  T o ta l :  20 g a te s  and
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1 1 1 1
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1 1 1 1
1
1 _
Figure 4 .10  The n e x t - s ta t e  fu n ctio n s  fo r  th e  new s ta te  assignm ent.
X ,X 2
y y . Y S .  0® 01 11 10
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X i X j
y . y . ^  00 01 “ 11 10
1 6 i
F  000 H D D D
1 6 0 
000 1 1 1
A o o l G G G G 001 1 1 1 1
E  oil F F C C oil 1 1
1^,010 A A E E 010 -
Q u o H H B B 110 1 1
D i l i B B E E 111 1 1
0101 A D D D 101 1 1 1
C i o o G G C C 100 1 1 1 1
a ). s t a t e  t a b l e V2^ 2ÿ2+V
y . y . ^  00 01 ' 11 10 00 01 ' 1 1 I 10+^
1 6 J 
000 1 1 1 1
i ^ Ô 
000 1 1 1
001 1 1 1 1 001
oil oil -
010 1 1 010 1 1 1 1
110 1 1 110 1 T
111 1 1 111 1 1 1 1
101 1 1 1 101 1 1 1 1
100 1 1 100
V 2 ^ 2
Figure 4 .1 1  The n e x t - s ta te  fu n c tio n s  fo r  L a la ’s s ta te  assignm ent.
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F ig u re  4 ,1 2  The c i r c u i t  d iagram  o f  th e  example s e q u e n t ia l  .m achine in  






F igure 4*13 The c i r c u i t  diagram  o f  th e  s e q u e n tia l machine in  F igu re  
4.8  when L ala^s s ta t e  assignm ent tech n iq u e  i s  a p p lie d .
l4 0
4 ,4  C onclusion
T h is  C h ap ter h as "been d ev o ted  to  th e  a p p l i c a t io n  o f  minterm - 
in te rc h a n g e  o p e ra t io n  to  th e  s t a t e  ass ig n m en t prob lem  o f  s e q u e n t ia l  
m achine d e s ig n  .A lto u g h  t h i s  a p p l ic a t io n  i s  te rm ed  as  ^m interm  -  
in te rc h a n g e ” i t  becomes row in te rc h a n g e  in  th e  Karnaugh r e p r e s e n ta t io n  
o f  b a s ic  s t a t e  fu n c t io n s  .However, row in te rc h a n g e  i s  in  f a c t  a  m in term - 
in te rc h a n g e  o f  th e  co rre sp o n d in g  m interm s o f  th e  row s.
The b a s i s  o f  th e  g iv en  m ethod f o r  s t a t e  ass ig n m en t i s  to  
form  th e  b a s ic  s t a t e  fu n c tio n s  a s  s im p le s t - th r e s h o ld  fu n c t io n s ,  
■whereever p o s s ib l e .  The re a so n s  a r e :
i )  n e x t - s t a t e  fu n c tio n s  a re  d i s j o i n t  com b in a tio n s  o f  b a s ic  s t a t e  
f u n c t io n s ,
i i )  s im p le s t - th r e s h o ld  fu n c tio n s  a re  s im p le  and e a sy  to  d e te rm in e .
The m ethod was im plem ented b y  means o f  b in a ry  t r e e .
One o f  th e  ad van tages o f  em ploying b a s ic  s t a t e  fu n c tio n s  
r a t h e r  th a n  d i r e c t l y  u s in g  n e x t - s t a t e  fu n c tio n s  i s  t h a t  r e a l i s a t i o n s  
o f  th e  b a s ic  s t a t e  f u n c t io n s ,which a re  form ed a s  s im p le s t - th r e s h o ld  
f u n c t io n s , can be  u sed  as a  common c i r c u i t  m odules f o r  th e  r e a l i s a t i o n  
o f  All n e x t - s t a t e  f u n c t io n s .T h is  i s  b ecau se  n e x t - s t a t e  fu n c tio n s  o r  
t h e i r  complements a re  d i s j o i n t  co m bina tions o f  th e  b a s ic  s t a t e  
f u n c t io n s .  More r e s e a rc h  i s  needed t o  i n v e s t ig a te  t h i s  p o t e n t i a l  
 ^ adv an tag e  .1
At th e  b e g in n in g  o f  th e  p ro c e d u re  i t  was assumed t h a t  th e  
s e q u e n t ia l  m achine was co m p le te . However t h i s  p ro ced u re  can  a ls o  be 
g e n e r i l i z e d  t o  in co m p le te  m achines.Suppose t h a t  th e  n e x t s t a t e s  i n  th e  
rows o f  don’t  c a re  s t a t e s  o f  an in co m p le te  m achine a re  chosen  to  be  
th e  s t a t e s  f o r  w hich th e  number o f  ap p earan ces  i s  h i p e s t  in  th e  s t a t e  
t a b le ,a n d  th e  r e l a t e d  b a s ic  s t a t e  fu n c tio n  can be  form ed as  s im p le s t -
l 4 l
th r e s h o ld  f u n c t io n s ,  1^in  t h i s  ca se  th e  m ethod can  he u sed  to  
advan tage  f o r  in co m p le te  m ach ines.
The b in a ry  t r e e  e x p la in e d  in  t h i s  C hap ter i s  e a sy  to  h an d le  
by hand i f  th e  s e q u e n t ia l  m achine h as a  sm a ll number o f  s t a t e s  .When th e  
number o f  s t a t e s  in c re a s e s  th e  problem  becomes cumbersome and i s  b e s t  
h an d led  by d i g i t a l  com puter te c h n iq u e s .
T h is m ethod does n o t alw ays g iv e  th e  b e s t  s o lu t io n  to  th e  
s t a t e  assignm en t p rob lem . But i t  can  be s a id  t h a t  i f  th e  b a s ic  s t a t e  
fu n c tio n s  a re  d i s t r i b u t e d  in  a  few rows o f  th e  s t a t e  t a b l e  w hich 
r e p r e s e n ts  th e  g iv e n  s e q u e n t ia l  m a ch in e ,th e n  t h i s  method i s  u s e f u l .  
T h is  i s  b ecau se  such  a  p r o p e r ty  g iv e s  an o p p o r tu n i ty  t o  form  many 
b a s ic  s t a t e  fu n c tio n s  as s im p le s t - th r e s h o ld  fu n c t io n s .
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GENERAL CONCLUSIONS 
As i s  in d ic a te d  by th e  t i t l e  o f  t h i s  t h e s i s , t h e  g iv en  
co m b in a tio n a l c i r c u i t  d e s ig n  and s t a t e  assignm ent te c h n iq u e s  a re
If If
developed from  th e  b a s ic  o p e ra t io n  o f  m in te rm -in te rch an g e  ,
The c i r c u i t  im p lem enta tion  o f  t h i s  o p e ra t io n  i s  an e x c lu s iv e -  
OR o f  th e  fu n c tio n s  6 and y T hat i s
f  = 6 @ Y
6 i s  d e te rm in ed  by m in te rm -in te rch an g e  on th e  B oolean fu n c tio n  f  ,an d
Y i s  an a u x i l i a r y  fu n c tio n  to  form  g from  f . C le a r ly  b o th  g and  f  
have th e  same number o f  t ru e -m in te rm s ,s in c e  one o f  them  i s  o b ta in e d  
from  th e  o th e r  by m in t e rm -in t e rc h an g e .
F i r s t  th e  m in t e rm -in t erchange a p p l ic a t io n  f o r  co m b in a tio n a l 
netw orks was c o n s id e r e d . l t  was found d e s i r a b le  to  have th e  g and y 
fu n c t io n s  as s im p le  fu n c tio n s  in  th e  e x c lu s ive-OR decom position  o f  f .
If If
To t h i s  end th e  co m p lex ity  concep t was r e q u ire d  to  d ec id e  t h e  g and
Y f u n c t io n s .
S in ce  S  has th e  same number o f  tru e -m in te rm s  as th e  o r ig i n a l
»f *f
fu n c t io n  f , i t  i s  n e c e s sa ry  to  d e f in e  s im p le s t fu n c tio n s  f o r  a g iv en  
number o f  tru e -m in te rm s  and th e y  must a ls o  be easy  to  reco g n ize .T h u s
If II
f  fu n c tio n s  were chosen  as  s im p le s t- th r e s h o ld  fu n c tio n s  . These 
fu n c tio n s  'a re  s im p le  to  desig n  and a ls o  can be c h a r a c te r is e d  by n+1 
c o e f f ic ie n t s  known as  th e  Chow p a ram ete rs  .B ecause i t  i s  easy  to  
m a n ip u la te  t h i s  p a r t i c u l a r  ty p e  o f  th r e s h o ld  fu n c tio n  in  th e  s p e c t r a l  
domain , th e  m in te rm -in te rch a n g e / o p e ra t io n  was examined in  t h i s  dom ain.
The c la s s  o f  s im p le s t- th re s h o ld  fu n c tio n s  w ere e x te n s iv e ly  
u s e d .T h is  does n o t n e c e s s a r i ly  r e q u ir e  th e  u se  o f  th r e s h o ld  g a te s  in  
p r a c t i c a l  re a l is a t io n s .H e w o v e r  i f  th r e s h o ld  g a te s  become com m ercially
l4 6
*
a v a i l a b le  t h i s  m ethod w i l l  , show ad v an tag e  .
One o f  th e  % ost ad yan tageous p r o p e r t i e s  o f  gi# p le s t - th r e s h o ld  
fu n c tio n s  i s  t h a t  th e y  can  be u se d  as m odules i n  p r a c t i c a l  c i r c u i t s ,  
s in c e  once th e  o rd e r  and th e  number o f  tru e -m in te rm s  a r e  know n,then  
th e  c o rre sp o n d in g  s im p le s t—th r e s h o ld  fu n c t io n  can  b e  d e f in e d  and 
r e a l i s e d  ( e x c e p tin g  a d d i t io n a l  NOT g a te s  ) .
The number o f  tru e -m in te rm s  o f  th e  y ' f u n c t io n  depends-on  th e  
number o f  in te rc h an g e d -m in te im s  in  th e  f u n c t io n  f .  Thence i n  o rd e r  to
ft  ^ V
d e te rm in e  th e  co m p lex ity  o f  th e  y f u n c t io n ,  e n tro p y  co m p lex ity  has 
b een  e x p lo i te d  b ecau se  th e  e n tro p y  co m p lex ity  o f  a  B oolean  fu n c t io n  
i s  b a se d  on th e  number o f  tru e -m in te rm s  in  th e  f u n c t io n .
As a  r e s u l t  o f  com bining th e  c o n ce p ts  e x p la in e d  a b o v e ,a n  
a lg o r ith m  was g iv en  f o r  th e  co m b in a tio n a l c i r c u i t  d e s ig n  by m in term - 
in te r c h a n g e .
I t  sh o u ld  be n o te d  t h a t  th e  new m ethod i s  an  a l t e r n a t i v e  to  i 
th e  c o n v e n tio n a l co m b in a tio n a l c i r c u i t  d e s ig n  te c h n iq u e s .T h e  ad v an tag es  
o f  t h i s  m ethod,when com pared to  c o n v e n tio n a l a p p ro a c h e s , a re  l im i t e d  by :
a) th e  c o n v e n tio n a l r e a l i s a t i o n  c o s t  o f  th e  B oolean  f u n c t io n  to  
b e  d e s ig n e d ,
b) c o s t  o f  th e  y fu n c t io n  com pared w ith  th e  c o s t  o f  th e  B oolean
* The d i f f i c u l t i e s  o f  i n d u s t r i a l l y  f a b r i c a t i n g  th r e s h o ld  lo g ic  g a te s
1w ith  good o p e ra t in g  to le r a n c e s  i s  w e ll known ,an d  h as t o  d a te  p re c lu d e d  
t h e i r  in t r o d u c t io n  on th e  com m ercial m arket .However th e y  r e p r e s e n t  a 
c la s s  o f  fu n c tio n s  which i f  made would p ro v id e  a more po w erfu l l o g i c a l  
use  o f  s i l i c o n  a re a  th a n  c o n v e n tio n a l vertex(AND,OR,NAND,NOR)logic g a te s
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fu n c t io n  f ,
There rem ain two open problem s to  be so lv ed  in  t h i s  a rea :
i )  The te c h n iq u e  was developed f o r  o n ly  com plete B oolean fu n c t io n s ,  
and  does n o t cover Don’t  Care fu n c t io n s .T h is  i s  b o th  an open 
problem  and a  d i f f i c u l t  o n e ,b ecau se  th e  c h o ice  o f  don’t  c a re
o u tp u ts ,a s  0 o r  1 , changes th e  number o f  trueM ninterm s in  th e  
o r ig i n a l  fu n c t io n  w hereas th e  number o f  tru e ^ n in te rm s  rem ains 
in v a r ia n t  u n d er m in te rm -in te rch an g e  o p e ra t io n .
i i ) T h e  m ethod o f  m in t e rm -in t e rchange can  a ls o  be  u sed  i n  th e  
d e s ig n  o f  m u lt i-o u tp u t  n e tw o rk s . T h is  i s  because  two fu n c tio n s  
w ith  th e  same number o f  t]^ e -m in te rm s  may be g e n e ra te d  from  
each  o th e r  by  th e  m in te rm -in te rch a n g e  o p e ra tio n .H en ce  i t  i s  
p o s s ib le  to  design  fu n c tio n s  w ith  th e  same number o f  t r u e -  
m interm s by ap p ly in g  th e  m in t e rm -in t erchange o p e ra t io n .  More 
r e s e a rc h  i s  needed in  t h i s  a r e a .
The second  a p p l ic a t io n  o f  m in te rm -in te rch an g e  c o n s id e re d  in  
t h i s  t h e s i s  i s  t h a t  o f  s t a t e  assignm ent f o r  synchronous and com plete 
s e q u e n t ia l  m a ch in es .
I t  i s  known t h a t  i f  d e lay  ty p e  memory e lem en ts a re  u s e d ,th e  
b in a ry  codes g iv e n  to  th e  s t a t e s  a re  n o rm ally  chosen  such t h a t  th e  
n e x t - s t a t e  fu n c tio n s  become sim ple  .T h is  m in im ises th e  co m b in a tio n a l 
p a r t  o f  th e  c i r c u i t r y  o f  th e  s e q u e n t ia l  m achine.
We can n o t d i r e c t l y  s im p lify  n e x t - s t a t e  fu n c tio n s  by u s in g  
m in te rm -in te rch a n g e  (id iich  co rre sp o n d  to  a s t a t e  assignm ent c h an g e ).
I» . . - 7 »
However , b a s ic  s t a t e  fu n c tio n s  can  be form ed as s im p le s t- th re s h o ld  
by m interm  in te rc h a n g e  .F u r th e r  th e  n e x t - s t a t e  fu n c tio n s  a re  th e  AND o r  
e x c lu s  ive-OR com binations o f  b a s ic  s t a t e  fu n c tio n s  .Thus th e  s t a t e  
assignm ent m ethod developed  in  t h i s  t h e s i s  was b ased  upon form ing  th e
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th e  b a s ic  s t a t e  fu n c t io n s  as  s im p le s t - th r e s h o ld .
In  C h ap ter 4 , an a lg o r ith m  was g iv en  which employs a  b in a ry  
t r e e .L ik e  o th e r  m e th o d s ,th is  n ew .tech n iq u e  canno t g u a ra n te e  a  b e s t  
s o lu t io n  t o  th e  s t a t e  ass ig n m en t p ro b lem . I t  i s  s im ply  a  v a lu a b le  
a l t e r n a t i v e  app roach  to  p e rh ap s  th e  m ost d i f f i c u l t  p roblem  o f  th e  
s e q u e n t ia l  m achine d e s ig n .
Some o f  th e  t o p ic s  n o t c o n s id e re d  in  - th is  t h e s i s  a r e :
1) g e n e r a l i s a t io n  o f  th e  m ethod to  in co m p le te  s e q u e n t ia l  m achines
2) a p p l ic a t io n  o f  t h e  te c h n iq u e  t o  th e  d e s ig n  o f  s e q u e n t ia l  
m achines w ith  J-K  ( o r  S-R ) ty p e  memory e lem en ts  in s te a d  o f  
d e la y  ty p e
3) c o m p ila tio n  o f  a  com puter programme f o r  o p tim a l s t a t e  a ss ig n m en t 
i n  la r g e  s e q u e n t ia l  m achines
4) a p p ly in g  th e  m ethod to  u se  th e  b a s ic  s t a t e  fu n c t io n s
( tra n s fo rm e d  t o  s im p le s t - th r e s h o ld s  ) as in te g r a te d  c i r c u i t  
modules
5) th e  problem  o f  t e s t i n g  d i g i t a l  netw orks .T h is  problem  has an  
in c re a s in g  p r a c t i c a l  im p o rtan ce  p a r t i c u l a r l y  in  th e  s e q u e n t ia l  
netw ork a r e a .
R eference
!» !»' 
1 .  HURST,S.L, The L o g ic a l P ro c e s s in g  o f  D ig i t a l  S ig n a ls
Edward A rnold ,L ondon,A ppendix  E,1978»
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APPENDIX A ; SIMPLEST AND glMPLEST-THRESKOLD 
FUNCTIONS
In  t h i s  Appendix s im p le s t fu n c tio n s  a re  g iven  f o r  5 .
These fu n c tio n s  a re  de term ined  when th e  n:num ber o f  v a r ia b le s  and 
u:num ber o f  tru e -m in te rm s  a re  known.The s im p le s t fu n c tio n s  f o r  a  g iven  
u  and u ' = 2 ^ - u  a re  th e  sam e,because th e  c o s t  o f  th e  a d d i t io n a l  in v e rs io n  
in v e rs io n  which d is t in g u is h e s  them  has n o t been ta k e n  in to  a c c o u n t.In  th e
look-up ' t a b l e , t h e  Karnaugh map r e p r e s e n ta t io n  o f  s im p le s t fu n c tio n s  and
i
a lso  th e  f i r s t - o r d e r  s p e c t r a l  c o e f f e c ie n ts  a re  g iv e n .
The f i r a t - o r d e r  c o e f f e c ie n ts  a re  in  p o s i t iv e  canonic  form .
Then all/, o f  th e  s im p le s t  f u n c t io n s . w hich a re  in  th e  same NP clEiss 
can be found by NP m an ip u la tio n s  .T hese  f i r s t - o r d e r ,  s p e c t r a l  c o e f f e c ie n ts  
a re  n e c e s sa ry  and s u f f i c i e n t  to  d ec id e  t h a t  th e  s im p le s t fu n c tio n  i s  
th re s h o ld  o r  n o t by lo o k in g  a t  th e  l i s t  in  Appendix B.
The v a lu e s  i n  th e  second l i n e  under th e  f i r s t - o r d e r  s p e c t r a l  
c o e f fe c ie n ts  show th e  tru e -m in te rm  d i s t r i b u t i o n  in  th e  spaces where th e  
independen t v a r ia b le s  ta k e  th e  v a lu e  1  (s e e  Appendix D f o r  th e  s p a c e s ) .
The f ig u r e  below i l l u s t r a t e s  th e  meaning o f  th e  numbers g iven  in  th e  
look-up  t a b l e .
u:num ber o f  tru e -m in te rm s  in  th e  » (2) 
fu n c tio n
/
f i r s t - o r d e r 1





(2) (2) (1) 
; »
number o f  t r u e  number o f  t r u e
m interm s in  th e  m interm  in  th e
space x ^ = l space Xg=l
number o f  t r u e  
m interm s in  th e  
space Xg=l
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We. v i n  i l l u s t r a t e  hov th e  true-tm iu tezR  d i s t r i h u t io n s  o f  s im p le s t-  
th re s h o ld  fu n c tio n s  have heeh c a l c u l a t e d , I t  i s  knovn from  e q u a tio n  l , 2 h  
t h a t  th e  r e l a t io n s h ip  h e tv ee n  tru e^m in term  d i s t r i b u t i o n  and f i r s t - o r d e r  
s p e c t r a l  e o e f f e c ie n ts  i s  as fo llo w s  :
^  ( R^+2u )
•vrtiere
Z^: Number o f  tru e -m in te rm s in  z^ = l sp a c e ,
R^: F i r s t - o r d e r  s p e c t r a l  c o e f f e c ie n t  c o rre sp o n d in g  to  th e  
in d ep en d en t v a r ia b le  
u  : t o t a l  tru e -m in te rm s  o f  th e  f u n c t io n .
The a d d i t io n a l  r e l a t io n s h ip  betw een R^ and number o f  tru e -m in te rm s  i s
given by;
2u = 2^-R^ o
Now l e t  us c a lc u la te  th e  true-m in term  d is t r ib u t io n  fo r  n=4 ,u=$
s im p le s t- th re sh o ld  fu n c tio n .S p e c tra l  e o e f fe c ie n ts  a re  6 10 6 2 2
in  th e  o rd e r  R^ R^ Rg R^ Rj^  .
Number o f  true-m in term s in  th e  fu n c tio n :
Humber o f  true-m in term s in  z^= l space:
-ç- ( H^+2ti ) = ^  ( 10+2.5  )»5 
Number o f  true-m in term s in  Zg=l space:
Zg= ^  (Rg+2u  ) = ^  ( 6+2x5 )=4 
Number o f  true-m in term s in  %^ =1 space:
Z^= ^  R3+2U )= ^  2+2.5  )=3 
Number o f  tru e -m in te im s in  Z|^=l space:
h ” )= ^  2+2^5 )=3
These minterm d is tr ib u tio n s  are shown in  p arenth esis under the  
corresponding f ir s t -o r d e r  sp ec tra l c o e f f ic ie n t s  in  the look-up ta b le s .  
Note th a t g iven  Z va lu es are for the sm all ’u ’ v a lu es .
n= 2
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n = 2 u = 2
THRESHOLD . 






X 1X 2 
^  00 01 11 10
0
1 1
n = 3 u ^ , 6
X 2














n = 3 = k





u  = (U)
THRESHOLD .
«0 Bl ^2 "3
6 2 - - 2 2
u  = (1 ) (1) (1) (1)
f= ^ ^ 2 ,
THRESHOLD *
^0 ^2 ^3
k k k 0
u = (2 ) (2) (2) (1)
f  = x ^ i  X2+X3 ) ,
THRESHOLD .
^0 "^ 2 "3
2 6’ 2 -2



















Ih 2 2 2 2
(1) (1) (1) (1) (1)
THRESHOLD
n =
u = I k
5XX, \
.^2
00 01 11 103 4 
00
01 f  z: Y Y X
11 1




12 k k 1+ 0

















f  = X^Xg ( X3 + X;, ) ,
THRESHOLD ,
15^




n  = 1+ r 0 1 1
U = U 1 2 1 1 1
1 0 1
Bo B l Bg
8 a 8 0 0 X2
( k ) W (It) ( 2 ) ( 2 )
.^ 2
9 0 0 1 1 1 1 0
3  4 
0 0 î
n  = ^ 0 1 1
u  = 5 , 1 1 1 1 1 1
1 0 1
* 0 B l Bg ^ 3 Bu












— . V ' 2
0 0 0 1 1 1 1 0  .
1
n  = U 0 1 1
\
11 = 6 , 1 0 1 1 1 1
1 0 1 1
Bo B l Bg ^ 3 x ^ - i - s
1 2 k k 0 =^3 —2
( 6 ) ( 6 )  (1*) i k ) (3 )
f  =
THRESHOLD
f  = Xi ( Xg+XgX^ ) ,
THRESHOLD ,
f  = X^_ ( Xg + X3 ) ,
THRESHOLD .
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00 01 11 10
00 1
n = U , 01 1 1





n = h y
u =





X X. V 00 01 11 10
j  4 
00 1
01 1
11 1 1 1 1
f  x^Xg + XgX^
10 1 NONTHRESHOLD .
®0 ^1 ®2 «U
2 6 6 6 6
(7) (5) (5) (5) (5)
^ ^ 2  











f  = %i ,
THRESHOLD .
R0 R1 R. R,
R,
0 l6  0 0 0
(8) (8 ) (k ) (%) (4)
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00 01 11 10 10 11 01 00
n = 5 , 01
u = 1 , 31 11 1
10




(1) (1) ( 1) (1) (1) ( 1)
^2^3
x^= 0 X  =
n = 5 ,
00
00 01 11 10 10 11 01 00
01 f=X X X Xi
n 1
1 2 3 U ^
10 1 THRESHOLD ,
«0 ^1 ^2 «It
28 It It It 0
( 2 ) {2) ( 2 ) ( 2 ) ( 2 ) (1 )
X = 0 1 X£= 1
n = 5
u  = 3 , 29










^0 \  ^2 ^3 ^4 ^5.
26 6 - 6  6 2 '2
C3 ) (3) (3) (3) (2 ) ( 2 )
15T













n = 5 . 01 1
u = 4 , 28 ^ 1
10 1
f  = ^
THRESHOLD .
Ro R i Rg R3 R4
2h 8 . 8  8 0 0
(U) (U) ( k)  ( k)  ( 2 ) ’ (2).
^2^3
X = -O 
1 - X “  X
n = 5 ,
11 = 5 , 2 7
00







«0 «1 «2 «3 ^4 « 5 \
22 10 10 6 '  2 2
(5) (5) (5) (H) (3) (3)
T
% x^= 0 x .=  1 1
«0 «1
20 12
( 6 )  ( 6 )
00
n = 5 ,  01










12 U U 0
(6) (4) (k) (3)
3
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n = 5 ,  01 1 1
u = T , 25 11 1




I h  lU
(T) (T) (T) C^ ) C^ ) W
V 3
X  =  0  
1
X =  L
00
00 01 11 10 10 11 01 00
1
n = 5 ) 01 1




R R, R« R-, R, Rc
^2
0 1 2 3 k 5 ^3
18 I h 6 6 6 6
^ k
(7 ) (7) (5) (5) (5) (5)
^5
?2 ?3  . . .
X  =  0  
1
X  =  1  
1
n  =  5 ,










f  = =1=2 ,
THRESHOLD .
Ro R i Rg
16 16 16
(8 ) (8) (8 )
0 0 





— 5  continued x ^ :  













n = 5 , 01 
u  = 9 , 23 H
1 1
1 1 1
10 1  ^ 1
f=Xi(x2+X3X^x^)^
THRESHOLD .
«0 . «2 «3 «It "5
lit 18 lit 2 2 2
(9) (9) (8) (It) (It) (It)
^2^3
X  = 01 . X = 1
n = 5 ,
u = 10 ,.22
00
00 01 11 10 10 11 01 00
1 1
01 1 1 ^=Xi(x2+X3X^)^
1ÎL 1 1 1
10 1 1 1
THRESHOLD .
«0 «1 «3 1^, R.
12 20 12 1+ It 0
(10) (10) (8) (6) (6) (5)
00













n = 5 01 1 1 1
u = 11 , 21 ^ 1 1 1
10 1 1 1
«0 «1 «2 «3 «It «5X
10 22 10 6 2 2 ■















n = 5 , 1
u = 11 , 21 ^ 1 1 1 1 1 1 1 1
10 : 1 NOIITHEESHOLD .
«0 «1 R,'3 It "5
10 6 . 6  6 lit lit
(11) (T) (?) (?) (9) (9)
*2^3
x^= 0 X = 1














( 12 ) ( 12 ) ( 8 )
R,
8 0 0


















01 1 1 1
11 1 1 1. 1




6 26 6 6 2 2



















n = 5 , 01 1 1 1 1
u = 1^ ,1 8 11 1 1 1 1
10 1 : 1 1 1
f=X3_(x2+X2+Xjj) ,
THRESHOLD .
«0 «1 ®2 «3 «It «5
U 28 It It It 0
( l i t)  ( l i t )  (8 )  (8 ) (8) (? )
V 3
X- = 0 1 X =  L
n = 5 , 
u = , l8
■k^h
00
00 01 11 10 10 11 01 00
1 1
01 1 1




U 0 12 12 12 12




















01 1 1 1 1
11 1 1 1 1
10 1 1 1 1






c o n t in u e d
n = 5 ,












1 1 1 1
01 1 1 1 1 f  = x^  ,
11 1 1 1 1
10 1 1 1 1 THRESHOLD
«0 «1 «2 «3 ^
0 32 0 0 0 0
C l6) C l6) C8) C8) C8) C8)
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APPENDIX B
CANONIC CHARACTERISTIC WEIGUT-THRESHOLD VECTORS, 
o r CHOW PARAViETERS, FOR THRESHOLD FUNCTIONS 
OF UP TO n = 6 .
n (max) No. c] w]
3
1 8 0 0 0 1 0 0 0
2 6 2 2 2 2 1 1 1
3 4 4 4 0 1 1 1 0
4
1 16 0 0 0 0 1 0 0 0 0
2 14 2 2 2 2 3 1 1 1 1
3 12 4 4 4 0 2 .1 1 1 0
4 10 6 6 2 2 3 2 2 1 1
5 8 8 8 0 0 1 1 I 0 0
6 8 8 4 4 4 2 '2 1 I 1
7 6 6 6 6 6 1 1 1 1 1
5
I 32 0 0 0 0 0 1 0 0 0 0 0
2 30 2 2 2 2 2 4 1 1 1 1 1
3 28 4 4 4 4 0 3 1 1 1 1 0
4 26 6 6 6 2 2 2 2 2 1 I
5 24 8 8 ' 4 4 4 4 2 •2 I 1
6 24 8 8 8 0 0 1 I 1 0
7 22 10 10 6 2 2 5 3 3 2 I 1
8 22 10 6 6 6 6 3 2 1 1 1 1
9 20 12 12 4 4 0 3 2 2 1 1
10 20 12 8 8 4 4 4 3 2 2 1
11 20 8 8 8 8 8 1 1 .1 1 1
12 IS 14 14 2 2 2 4 3 3 1 1 1
13 IS 14 10 6 6 2 5 4 3 2 2 1
14 18 10 10 10 6 6 3 2 2 2 1 1
15 16 16 16 0 0 0 1 1 0 0
16 16 16 12 4 4 4 3 3 2 1 1
17 16 16 8 8 8 0 2 2 1 ■ 1 1
18 16 12 12 . 8 8 4 4 3 3 2 2 1
19 14 14 14 6 6 6 2 2 2 1 1 1
20 14 14 10 10 10 2 3 3 2 2 2 1











58 38 22 22 ID 10 10 10 3 2 2 1 1 1 1
59 38 22 18 IS 10 10 2 7 5 4 4 2 2 1i.
60 38 22 18 14 14 10 6 7 5 4 3 3 2 1
61 38 18 18 18 14 14 2 5 3 3 3 2 2 1
62 36 28 28 4 4 4 0 4 3 3 I 1 I 0
63 36 28 24 8 8 4 4 6 5 4 2 2 I 1
64 36 28 20 12 12 4 0 5 4 3 2 2 I 0
65 36 23 20 12 8 8 4 7 6 4 3 2 2 1
66 36 28 16 16 12 4 4 6 5 3 3 2 1 I
67 36 28 16 12 12 3 8 S 7 4 3 3 2 2
68 36 24 24 12 12 4 4 7 5 5 3 3 1 1
69 56 24 24 12 8 8 8 4 3 3 2 1 1 1
70 36 24 20 16 12 S 4 8 6 5 4 3 2 1
71 36 24 20 12 12 12 8 5 4 3 2 2 2 1
72 36 24 16 16 16 8 8 4 3 2 2 2 1 1
73 56 20 20 20 12 12 0 3 2 2 2 1 1 0
74 36 20 20 16 16 12 4 6 4 4 3 3 2 1
75 34 30 30 2 2 2 5 4 4 I I 1 I
76 34 30 26 6 6 6 2 7 6 5 2 2 2 1
. 77 34 • 30 2*> 10 10 6 2 8 7 5 3 3 2 1
78 34 30 IS 14 14 n 2 7 6 4 3 5 1 1
79 34 30 18 14 ■10 6 6 9 8 5 4 3 . 2 2
80 34 30 14 •14 10 10 10 7 6 3 3 2 2 2
81 34 26 26 10 10 6 6 ■5 4 4 2 2 1 1
82 34 26 2%; 14 14 6 ,9 7 6 4 4 2' 1
&3 34 26 ')') 14 10 10 6 6" 5 4 3 2 2 1
84 34 26 IS 18 14 6 6 5 4 3 3 2 1 1
85 •34 26 18 14 14 10 10 6 5 4 3 3 2 2
86 34 22 22 IS 14 10 2 7 5 5 4 3 2 t
87 34 22 22 14 14 14 6 4 3 3 2 2 2 I
88 . 34 22 IS 18 18 10 6 5 4 3 3 3 2 1
89 32 32 32 0 0 0 0 1 1 I 0 0 0 0
90 32 32 28 4 4 4 4 4 4 3 1 1 1 I
91 32 3 2 ' 24 8 8 8 0 3 3 2 I 1 1 0
92 32 32 20 12 12 4 4 5 5 3 2 2 1 I
93 32 32 16 16 16 0 0 2 2 1 1 1 0 0
94 32 32 16 16 8 8 8 4 4 2 2 1 1 1
95 32 32 12 12 12 12 12 3 3 1 1 1 1 1
96 32 28 28 8 8 8 4 6 5 5 2 2 2 I
97 32 28 24 12 12 8 4 7 6 5 3 3 2 1
98 32 28 20 16 16 4 4 6 5 - 4 3 3 1 1
99 32 28 20 16 12 8 8 7 6 5 4 3 2 2
100 32 28 16 16 12 12 12 f 4 3 3 2 2 2
101 32 24 24 16 16 8 0 4 3 3 2 2 1 0
102 32 24 24 16 12 12 4 5 4 4 3 2 2 1
103 32 24 20 20 16 8 4 6 5 4 4 3 2 1
104 32 24 20 16 16 12 8 7 6 5 4 4 3 2
105 32 20 20 20 20 8 8 3 2 2 2 2 1 1
106 30 30 30 6 6 6 6 3 3 3 I 1 I 1
107 30 30 26 10 10 10 2 5 5 4 2 2 ' 2 1
108 30 30 22 14 14 6 6 4 4 3 2 2 1 I
109 30 30 18 18 18 2 2 5 5 3 3 3 I 1
110 30 30 IS 18 10 10 10 3 3 2 2 1 1 1
111 30 30 14 14 14 14 14 2 2 1 1 1 1 1
112 30 26 26 14 14 10 2 6 5 5 3 3 2 1
113 30 26 22 13 18 6 2 7 6 5 4 4 2 I
114 30 26 22 18 14 10 6 8 7 6 5 4 3 2
115 30 26 18 IS 14 14 10 6 5 4 4 3 3 2
116 30 22 22 22 IS 6 6 4 3 3 3 2 1 I
166
117 30 22 22 18 18 10 10 5 4 4 3 3 2 2
118 28 28 28 12 12 12 0 2 2 .2 1 1 I 0
119 23 28 24 16 16 8 4 5 5 4 3 3 2 1
120 28 28 20 20 20 4 0 3 3 2 2 2 1 0
121 28 28 20 20 12 12 8 4 4 3 3 -2 2 1
122 28 28 •16 16 16 16 12 3 3 2 2 2 2 1
123 28 24 24 20 20 4 4 5 4 4 3 3 1 I
124 2S 24 24 20 16 S 8 6 5 ,5 4 3 2 2
125 28 24 20 20 16 12 12 7 6 5 5 4 3 3
126 26 26 26 18 IS 6 6 3 3 3 2 2 1 1
127 26 26 22 22 22 2 2 4 4 3 3 3 I 1
1:8 26 26 22 14 10 10 5 5 4, 4 3 2 2
129 26 26 IS IS 18 14 14 4 4 3 3 3 '2 2
130 26 22 22 22 14 14 14 4 3 3 3 2 2 2
131 24 24 24 24 24 . 0 0 . 1 1 1 1 1 0 0
132 .24 24 24 24 12 ' 12 12 2 2 2 2 - \ 1 1
133 24 24 20 •20 16 16 16 5 5 4 .4 3 3 3
134. 22 22 22 18 18 •is- 18 3 3 3 2 2 2 2
135 20 20 20- 20 20 20- 20 I 1 1 1 1 1 I
Chov p a ra m e te rs  n ^  T :
For th e  2k j )  e n t r i e s  t h a t  c o n s t i t u t e  th e  Chov 
p a ra m e te rs  f o r  n r e f e r e n c e  made to :
WINDER,R.O."THRESHOLD FUNCTIONS THROUGH n=T" 
S c i e n t i f i c  R ep o rt No.T A .F .C .R .L . 
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APPENDIX Df 0 1 SPACES ON THE KARNAUGH MAP OF THE LINEAR
. BOOLEAN FUNCTIONS
Karnaugh maps of 
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APPENDIX E : SECOND ORDER SPECTRAL TRANSLATION 
In  t h i s  A ppendix  th e  K arnaugh maps show th e  m in t e r m - in te r ­
ch an g es  when t h e  second  o r d e r  s p e c t r a l  e o e f f e c i e n t s  re p a c e d  w ith  
t h e  f i r s t  o r d e r  ones in  th e  s p e c tru m  o f  a  f o u r th  o r d e r  B o o lean  f u n c t io n ,
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Relationships between Rademacher-Walsh 
spectra of Boolean functions
E. Eris
ùidexùtg w m c  Boolean Functions, Transforms
Abstnet: The relationships between the Rademacher-Walsh spectra of Boolean functions and the spectrum of 
the Boolean product (AND) and sum (OR) of such functions is investigated. Appropriate matrix operations 




St »  <1, —1> vector
of the truth table of a Boolean 
function At, in decimal order
of the truth table of a Boolean 
function At, in decimal order
At *  Not function
T  »  Radermacher-Walsh transform of order n x n  
St =* spectrum of the function At 
[diag. X,] =  diagonal matrix, the elements along the 
diagonal being those of At 
1 »  unit colunm vector 
I  =  unit matrix
1 Introduction
The transformation of conventional binary data (normally 
expressed by truth tables. Boolean equations or state tables 
involving the two numbers 0 and 1) into some alternative 
mathematical domain, not confined to two numbers, has 
received noticeable attention in recent yean. The data in 
such an alternative mathematical domain are normally 
referred to as the spectrum of the given binary data, and 
consist of a range of even-integer numbers ranging between 
—2" and + 2", where « is the number of independent 
binary variables in the given data. The transform between 
these two domains is made by an appropriate orthogonal 
transform, for example the Rademacher-Walsh transform, 
which yields the Rademacher-Walsh spectrum of the given 
binary data. This may be expressed mathematically by
TS m 'S
where T = appropriate matrix transform
B =  given binary data, appropriately expressed as a 
single-column vector of two numbers 
S  =  resultant spectrum of the given binary data.
The inverse of the transform enables the binary data to be 
obtained from given spectral data,].e.
= s
where 7"* is the inverse traftsform of T.
It may be shown that the values of the coeOicients in
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the spectrum represent correlation coefficients showing 
"how like’ the ^ven binary function is to its inputs and to 
combinations of its inputs. Further, as the spectrum con­
tains aU the information present in the given binary func­
tion, but enumerated differently, the spectral coefficient 
values may themselves be used for logic synthesis 
p u rp o ses,a n d  for other applications such as Boolean- 
function classification^’*'’ and fault testing of logic 
networks."’"
As a very simple example to illustrate the basic trans­
form and resulting spectrum, take the two-variable function 
+Jcj], Its output in conventional truth-table 
onkr is therefore ( 1 ,0 ,1 ,1). Converting 0 to +  I and 1 to 
— 1 gives the revised binary-data truth-table B = 
(—1,1, —1, —1). Hence the transform of this bina^ data 
into the spectral domain using the appropriate Radeinacher- 
Walsh transform is as follows:




I 1 - 1 - 1  
1 - 1  1 - 1  
1 —1 —1
• The resulting coefficient values (—2,2 , — 2, — 2) constitute 
the spectrum of /(x), and uniquely and fully define it. No 
other function /(%) can have these particular values and 
signs. The full meaning of the values may be found in 
References 1 and 8.
Whilst the mathematical transforms between the binary 
and spectral domains are rapidly executed by appropriate 
fast-transform techniques, ’^’ .in many practical situations 
Boolean functions arise which are subsequently connected 
together by logical operators such as AND or OR. It is, 
therefore, desirable to be able to execute such logical 
operations in the spectral domain, using the spectra of the 
functions being logically connected, rather than having to 
transform back to the Boolean domain each time such an 
operation Is necessary. This paper therefore discloses the 
mathematical procedures necessary for combing spectral 
data to correspond to such logical operations.
2 Boolean product (AND)
The relationship between the product-function spectrum 5p 
and the individual spectra Si and S-i is given by
(la) 
(1Ô)
5-p = r[d iag .x ,jr 'j, +iSi 
= r[diag.Ai] r - ‘5, + is , + i n
0140-IJ3S/7S/IU C -004S S1-50/0
1T5
Proof
The spectra of the product function Aj, and the individual 
functions are given by definition as follows: Sp à  TBp, 
5, A TBi and S-i A 72;. Using the linear relationships 
between <0,1) and <1, — 1) domain and denoting ANt> by A,
B =  -2 -4  + 1 
A =  — +




Bp *  —2(diag.-4| J(— + i l ) + 1
and
Sp à  TBp




-r-4, + 7T = -7*(- & +  i 1 ) + n
therefore
2, -  ndiag.-4,]r-:2%+iJ; + * ri
Changing designations in the above will correspondingly 






















" 0 “ ’- 2 “ • 4"
- 4 2 0
4 - 2 4
0 and Sy — 6 implies Sp = 4
0 2 0
- 4 2 0
- 4 - 2 - 4
. 0 - . 2 . _ 0_
Hence, confirming Sp using say eqn. lb* 
S p » r { d i a g . ( 0  1 0  1 1 1 0













' 4 2 0
O - 2 0
-1 2 0
- i t ;
" r - l " "4" ~ 4“
- 1 1 0 0
5 - 1 0 4
I 4- 3 t 0 = 4
- 1 1 0 0
- 1 1 0 0
- 3 - 1 0 —4
- 1 1 0 _ 0_
The commutative and associative properties enable this 
relation to be extended to more than two functions.
3 Boolean sum (OR)
The relationship between the sum function -4,, spectrum 
S„ and the individual functions -4*,-4;, spectra 5 i ,2 ; ,  is 
given by
S, = ridiag.]4'i]7^ ‘5; +i2, -*71
or
S, » r[diag..4ij7^ *5i -*71
(3a)
(3b)
* Note, the invene T'* of the ii X a onhogonal Radeinacher>Walili 
I ,
tnnsfonn T  is sfvsn by -  X 7*^ . Alto recsU that tha 8X 8 
n
Rademacher-Waish transform is
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Proof
Denoting OR by V. since A , à  A i ^  Ay = (A \ A X ;)' and /  
for any given function A , =‘ —S x  (Reference 6) we 
obtain from eqn. la
5. = -{r(diag.x;]r-‘5^ +i2^; + i n }  
= nd»ag.X',]r"‘5;+è2i - i n
Proof of eqn. 2b follows similarly.
The commutative and associative properties enable this 
relation to be extended to more than two functions.
4 Development to include exdusive-OR relatione
The relationships between spectral coefficients S include 
the following:
Sp = —■ + ^ 5 ;  + i n  
s, = \ s ,  + i s ,  + i $ 3 - i n
(4tf)
(4b)
where 2 , is the spectrum of the exclusive-OR function A i # 
^2*
Proof
Sp à  TBp
= r{-2 (d ia g .X ,]X j + l}
= r { -  2(- & Idiag. Bx ] +& /)(-i A;+&!)+!}
»  7 {i(-(diag.2 ,]2 3  +ldiag.2i] 1 + 7 2 , - 1 )  + 1}
= irH diag.2 , ] 2, + 2 , + 2, - l } + n  
« -in < iiag .5 il2 j+ i7 2 ,+ i7 2 ;+ in
Since it is well known that multiplication of elements of 2  
is equivalent to the exclusive OR of elements of A then
Sp = + + i n
Further, using X, VX; =(X'i A X ,)' and 2^ = —2^ and 
eqn. 4a
2. = i 2. + i 2, + i 2; - i n
as
XI ®X; — XI • X j .
Example
A ( and Ay as in the previous example; then








A i_ _ 2_
using, say, eqn. 4a
" 0" T_2"" "8‘ " 4 '








-2 0 6 0 — 42 2 22 0 2 0 0
_2 —4 2 0 0
2 —4 _2 0 —4
2 0 2 0 0^
The commutative and associative laws enable this 
exclus!ve-OR development to be extended to cater for more 
than two functions. It can be proved that for three func* 
tions the above relationships become
+ (2, + 2, +23)} + | r i  
s ,  =  ÿ  +  (2. , ,  + 2, , ,  + 2. „ )
(6a)
(6b)+ (^ 1 + 2, ) } - i n
where 2,^ ^^  is the spectrum of the function X , ®X; ®X, 
and so on.
Finally adding eqns. 4a and 4b we obtain 
2 p + 2 , - 2 , + 2 ;  (7)
5 Conclusions
Mathematical methods of combining spectral data vXiich 
enable Boolean operations to be performed in the spectral 
domain, without having to trartsform back to the two­
valued binary domain, have been given. The availability of 
such methods is increasingly desirable as more information 
and experience are gained in methods of logic design and 
logic analysis using spectral rather than binary data. The 
logical operations of AND, OR etc. are of course basic to 
the buildup of all logic networks other than extremely 
trivial situations.
It may possibly- be thought that the processes discussed 
above, which are necessary to manipulate and combine the 
spectral data in order to perform logical operations, are 
tedious — however, such manipulations of numerical data 
prove to be more readily executed by computer aid than 
the corresponding manipulation of binary data using 
Boolean relationships. This is particularly true as the size 
and complexity of the problem increase. Hence it is con­
fidently predicted that the methods discussed in this short 
paper will find increasing use in ca.d. situations'*’’*^  where 
logic-network design is being performed by spectral tech­
niques rather than by conventional binary synthesis 
methods.
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A MINTERM INTERCHANGE OPERATION 
IN THE WALSH SPECTRUM DOMAIN
Indexing, terms: Booiean funetions, Transfonns, Welsh 
functions
A mathematical operation is investigated in the Walsh speetmra 
domain which corresponds to the interchange of any mintenns 
of a Boolean functioiL
Ust o f symbols:
f  column vector of the truth table of an
n variable binary function / ,  in decimal order, where 
p «a 2" -  1
F“ = The function determined by any minterm Interchange 
of the function F'
r =  2" X 2* (orthogonal) Rademacher-Walsh transform in 
Hadamartl order
f  =  2" X 2* (orthogonal) permutation matrix, defining the 
interchange of the minterme of a fimction (in the case 
considered this matrix is symmetric)
5,5* s  Hadamard-ordered spectra of the ftmctions F,F* 
respectively
Introduction: The transformation of conventional binary data 
into a spectral domain and the possible use of this spectral 
data for logic synthesis has recently been investigated, the 
transform between these two domains being made by an 
appropriate orthogonal transform such as the Rademacher- 
Walsh transform or Hadamard transform.*"’ It is important 
to investigate the correspondence between operations in the 
Boolean domain and spectral domain if spectral data is to be 
used for logic design purposes. Some of these relationships 
have been investigated previously and applied to logic circuit 
synthesis.*'
In this letter a further spectrum operation which 
corresponds to the interchange of any minterme of a Boolean 
function is investigated.
Relationships between the spectra o f the Junctions F and 
F':
F'êtPF





From eqns. 1-3 we develop the similarity transform between 
these two spectra
S '» T P F
where
S' •  TFT^S (4)
Calculation of the 77T* similarity transform: Calculation 
of the similarity transform TPT~^  matrix for the interchange 
of any two mintenns pmceeds as follows: Since the permuta­
tion matrix F is real 2*-square-symmetric, there exists a real 
orthogonal matrix X such that*
X"‘?X «  [diag(Xo,Xi,...,Xp)]
where (X*, Xi, ...,X ,) are all eigenvalues of the P matrix, 
V ^  2* — 1. The matrix X is determined by the eigenvectors 
associated with the eigenvalues (X*. Xi, . . . ,X,) of the 





= [Z@Z|, ...,Z ,]
whence
rPT"* = — Z[diag (Xo, X ....... X„)] Z' (5)
Z is an orthogonal square matrix because both T and X 
matrices are orthogonal. A typical entry tu  of 777” * would 
be
I »
On the one hand there exists a relation,
^fc *  [-to# ---«-Jtifl (-/Oi **
(6)
0 if
2" il k = l
where both Z# and Z, are the columns of Z, because Z is an 
orthogonal matrix. On the other hand it can easiiy be shown 
that the permutation matrix wliich interchanges two minterms 
of a Boolean function F, will have all eigenvalues of value 
+I except one which is equal to —1. For example, consider 
X^,*—l,then
(Xg, X I, ..., Xfn, ..., Xy) “  (1, 1, ..., ” 1, ..., 1) 
Including the above relations in eqn. 6




Q < k < v \ 0 < l < »
Hence, we may conclude that in order to calculate the 777” * 
matrix, all we need is just the Z,n= 
column vector which is determined by Z „= T A „, where 
A „  is the eigenvector associated with the eigenvalue X„, = — I 
of the 7  matrix. Then, with (7 = unit matrix
7P7” ‘=«^{2''Cf-2Z„Z;;j
If the permutation matrix 7  interchanges Ah and /th com­
ponents of F, we wül find the A „  eigenvector* associated 
withXw,"—1
(7-Xfnl ^m = 0X»—I
ré ("é)
if  qv6| q ^ f  
i£ q » t
if  <7*/
(8)
'nien Z— column vector can be determined
Z„ -  r x «  -  ? ~  [Ri„ -  R, J (9)
where 7 ,^  and 7/^ are both Rademacher-Walsh functions 
which correspond in position to the /th and /th comoonents 
(or mintenns) of the function F. Finally we obtain
JO  (W)
Considering the effect on the &th component of the 
spectrum of the function F, since for a typical entry in 
the position u and v in the Hadamard ordered matrix T
2 u|«i (11)
*(-1) i  X, /»0 (13)
between the roots and the coefficients of a polynomial such as 
<r„+i X"** + a„ X" + ... + Co, and the relationship
—^  = (-1) Ê Pui f = o (14)
between the characteristic equation coefficients and the 
related matrix terms,  ^ where 7// is a diagonal term, we obtain
Z Xf = ^  7// /«o f«0 (15)
Suppose V a  total number of eigenvalues, c ~  number of 
eigenvalues of value —1, d = number of eigenvalues of value 
+1, from the last eqn. 1S
Z Xf = C»y—Fr*o
since p »  c + rf, we find c = p/2, namely
^I• •••» ^ c* •••♦ i» ^ "1 « • •«,**1,1,•!,•••, 1)
pH '





2--2 I  ZÎ, k ^ l
0<k<p^ 0<I<»
and
where Ui and p, are the /th bit in the binary representation of 
integers u and v respectiveiy,* we develop from the above 
eqn.10
4 -fk  - p  {'•Win -  ''*/J  J '  ^
{{(-i/w-*^ —(—1)"^^} (12)
where f„ , J„ and K colunm vectors are binary representations 
of the. integers /»,</m» and k. i„  and/,  ^ show, the interchanged 
minterms numbers: k represents the considered spectrum 
component number.
Generalisation of any two~minterms interchange to any 
number of minterms interchange: For the above situation the 
permutation matrix has ail +1 on its diagonal except on the 
two rows corresponding to the interchanged minterms. Those 
two rows had off-diagonal -t-l*s which were symmetric to the 
diagonal. Consider the pairwise interchanging of p minterms, 
each pair-space disjoint, p any even number 2 < F< i 2 " .  
Now the permutation matrix would have 4-1's on its diagonal 
except the p number of rows corresponding to the 
interchanged minterms. These rows would have off-diagonal 
symmetric +i values two-by-two. Since the 7  matrix is ortho­
gonal* characteristic roots have absolute value -t-1. Using the 
known mathematical relationship**
TPT* = f f - — {Z«ZS + ... + Z„ZU  + -  + Z,ZJ} (17)
It is known from the eqn. 9 *
Z« « r x „ , » ? ^ ( 7 ; ^ - 7 / ^ J ,  m a  1,2....... c
where is an eigenvector associated with the eigenvalues 
of value —1, Finally we obtain •
(18)
2" I
where. 7 , and 7/^ are Rademacher-Walsh functions which 
conespona in position to the interchanged /nth pair-space 
disjoint minterms pair.
Considering the effect on the tth component of the 
spectrum of the function F, using eqn. 11, we can obtain
i'k = :* “ ir f  Z {(-1 )^ ""^ -  (— 1
(19)
Conclusions: The operation described in this paper, namely 
the interchange of any pair of minterms, and, by extension, 
more than one pair of minterms, may be employed in 
synthesis procedures for combinatorial logic networks, where 
the synthesis is pursued in the spectral domain.*'* It is further 
envisaged that this interchange operation may be employed to 
facilitate the manipulation of sequential machine state tables.
1 8 1
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STATE ASSIGNMENT AND ENTROPY
Indexing terms: State assignment. Sequentiai circuits
A recent' paper has presented a method of state assignment 
based upon the maximisation of true (or false) minterms in 
the next-state functions. This method has the advantage of 
very elegant implementation. This letter seeks to interpret 
these results in the light of the concept of entropy. It is shown 
that there it some justification for using the maximisation of 
true (false) minterms for optimal state assignment and some 
indication is given of the limitations of the method.
Introduction: A recent letter by Lala* has proposed a method 
of state assignment where the number of true (or false) 
minterms in the next-state functions is maximised. It is stated 
that this method gives good results in practice but no 
theoretical justification is presented.
In essence the method seeks to associate the maximum 
number of true (false) minterms with the most frequently 
occurring states in the state table. This has the effect of 
producing next-state functions with a predominance of true 
(false) minterms. The method, it is claimed,' gives solutions 
which, costwise, agree substantially with other, more complex, 
assignment procedures.
This is an intriguing result since it does not seem intuitively 
obvious that functions with very small or very large ratios of 
true/false minterms will necessarily be easier to synthesise than 
those having small ratios (except in extreme cases).
One method of rationalising this problem is to introduce 
the concept of function entropy.
Function entropy: The concept of function entropy^ ^  is 
important in digital synthesis because there is a close relation­
ship between the entropy of a function and the cost of 
implementing the function in terms of logic hardware.*"*
The characteristics of the average cost (the diode count) of 
the two-level minimal form of a single-output combinatorial 
logic network'which implements a Boolean function /  of n 
variables and u Is have been investigated by Cook and Flynn.* 
Tlte entropy o f /is  defined as
« 2" (2'»-u) r
^  7*^—jT “ (d
where the minimum (average) cost of implementing such a 
function can be expressed as*
C(n, u)„ = K(n) H(n, u) (2)
Fig. 1 shows the actual diode cost^  of randomly chosen 
combinatorial Boolean functions; from Kellerman* and 
Cook and Flyrm* for n <  6. Each point represents the average 
cost of 20 minimised circuits.
The 0(6, u)„ curve for K(6) = 74 6* is also shown. The 
very close agreement between the practical results and the 
function given by eqn. 2 should be noted. Fig. 1 also shows 
the upper cost liinit which, for a 2-level diode implementation, 
is generated when all true (false) minterms are diqoinL The 
total cost is then given by
u(n+ I)
(2"-«)(«+!) (3)
since n diodes are required for each of u AND gates and one 
u-input OR gate is also required. The lower cost limit (C„tn) 
for n <  6 is also shown.
It is important to note that, from the results of Keilerman,* 
the general form of eqn. 2 is also applicable to minimised 
circuits fabricated with vertex and exdusive-OR gates. In 
addition the diode cost is dosely related to the cost of 
implementing memories of the f.pd.a. type.







Fi^ 1 Coir against die number o f Is  (uf on an n m 6  order map, 
(Diode eats.)
• m^in
b C«v practical results ftom KeHerman
« A(6) Hin, u) with X{6) = 74 6 (Scaled entropy)
d
Lola’s method and entropy: The method of Lala,* which seeks 
to maximise the ratio of true/false minterms in the next state 
functions can now be interpreted in terms of the above results.
Gearly, by maximising the number of true (false) minterms 
in each fimction the average cost of circuit fabrication (given 
by the entropy function) is reduced. In addition the maximum 
cost also becomes smaller. It is important to remember, 
however, that this is a statistical result. That is, given a large 
number of sequential machines, chosen ar random., the average 
cost of implementing the next-state functions is reduced by 
maximising the numbers of true (false) minterms thereof.
Lala* has stated that this method has been applied to 
state tables of differing complexity and gives results 
comparable to and in some cases better than those .obtained 
by applying some of the (more complex) published methods.
In using Lala’s method we feei that the following 
observations may prove instructive:
(a) In practice sequential machines are, by virtue of their 
purpose, highly structured. This leads to the surmise that the 
factor K(n) in eqn. 2 is generally smaller for a sequential 
machine next-state function than would be the case for a 
randomly generated Boolean function.
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(h) The method is likely to produce good results only at 
reasonably high minterm ratios (say above 80%). With small 
ratios the method may generate particularly costly results.
(c)To quantify the above statistic an investigation into the 
distribution of cost about C„ for each u is required.
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